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PREFACE. 



The method of Limits is generally allowed to 
be the best and most natural basis upon which to 
found the principles of the Differential Calculus; in 
the following pages this method is exclusively adopted, 
no use whatever being made of series in the demon- 
stration of fundamental propositions. The following 
is an outline of the work, which is by no means 
offered to the reader as a complete treatise on the 
subject, but merely as an exposition of its more pro- 
minent and useful principles. 

In Chap. I, certain terms, afterwards to be used, 
are defined and explained. In Chap. II the nature 
of a Limiting Value is fully set forth, and the im- 
portant distinction (which ought never to be over- 
looked) between an actual and a limiting value is 
pointed out and illustrated by examples. Chap. Ill 
contains a set of Le^nmas^ which are necessary in 
order to render the use made of limiting values in 
the Differential Calculus perfectly legitimate ; and 
here I have endeavoured to confine myself to what 
seems really essential. In Chap. IV certain important 
limiting values are obtained. Chap. V contains the 
Rules fof' Differentiationy in the demonstration of 

a 
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which Lagrange's Jiinctional notation is employed, as 
being the simplest to begin with. In Chap. VI the 

Differential notation of Leibnitz is explained, -^ is 

defined as the quote of the differentials dy and dXj 

which however are not supposed to be infinitesimals, 

but simply two arbitrary quantities in a certain ratio. 

In the case of "partial differential coefficients, some 

du 
modification of the common differential notation -r- , 

ax 

-T-, is clearly necessary: I have employed the suffix 

notation rf,tt, dyUy as being frequently employed, though 
not exactly in this manner. I should have much pre- 
ferred the notation rf,w, dyU to denote partial differen- 

d u d u 
tialsy and -~ - -— to denote partial differential co- 
efficients. Chap. VII relates to successive differentia- 
tion, and the change of the independant variable. 
Chap. VIII contains certain very important Lemmas 
upon which the use and application of the Differen- 
tial Calculus in a great measure depends. Chap. IX 
contains the theory of Series^ based upon one of the 
preceding Lemmas, without assuming that J\x -f h) 
can be developed in the form 

^-f J?A« + CA^ + &c. ... : 

and here I have endeavoured to shew what the real 
nature of a series is, and to prove rigorously the prin- 
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ciple of Indeterminate Coefficients. Chapters X and 
XI relate to Vanishing Fractions^ and Maxima and 
Minima^ and contain some useful simplifications of the 
common methods. The very insufficient and trouble- 
some criterion usually employed in distinguishing the 
maxima and minima of functions of two variables is 
not introduced. Chap. XII relates to Tangents^ Nor- 
mals, &c., the Curvature of Curves, and the properties 
of the Evolute ; and here th^ arrangement usually 
adopted is somewhat departed from, and what seems 
a more natural course pursued, in order to avoid cer- 
tain difficulties, which I have observed very often im- 
pede the student on his first reading of the subject. 
In Chap. XIII the useful Polar fonnuUe and the 
diflPerentials of Areas^ Volumes^ &c., are deduced. 
Chap. XIV relates to As7/mptotes. Chap. XV con- 
tains a very simple method of tracing curves. Chap. 
XVI relates to singular points. Chap. XVII con- 
tains the general Theory of Contacts and Ultimate 
Intersections: no use is made of series in explaining 
the different orders of contact. The remaining chap- 
ters are occupied with Elimination by differentiation, 
Lagrange^s Theorem, the properties of the Cycloid, 
&c., &c. The Appendix contains Examples worked 

out. 

It was my intention to have added a few more 
chapters, and among the rest, one on the origin and 
progress of the Differential Calculus, and another on 
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the Infinitesimal method; but from various circum- 
stances I found it impossible to send the work to the 
press at the time originally promised to my bookseller, 
without omitting these concluding chapters. I mention 
this to account for the absence of allusions to the 
History of the Differential Calculus, which were all 
reserved for the final chapter, and the small number 
of Examples in the Appendix. 

Professor Peacock's excellent collection of Examples, 
which have been of such service to the Mathematical 
Student, is now out of print ; but Mr Gregory's work 
lately published will supply its place, which contains, 
not only a great number of well-selected and valuable 
examples, but also many important explanations and 
theorems not to be met with in any elementary trea- 
tise. In a subject of so much importance as the 
present, the student ought not to confine his atten-^ 
tion to one book or system/, for a very valuable treatise 
on this subject he is referred to that published by the 
Society for the Diffusion of Useful Knowledge. 

In the general plan of this work, and in several 
particulars, I have deviated from some of the methods 
often made use of, partly in attempting to put the sub- 
ject in a simpler and clearer point of view, and partly 
in avoiding certain steps of reasoning which appear to 
be defective. One of these is the fallacy of estab- 
lishing premises on a certain implied condition, and 
drawing a conclusion from them by a direct violation 



PREFACE. vu 

of that condition. An example of this is to be found 
in a proof often given of the principle of indetermi- 
nate coefficients, in which the factor x is divided out 
of the equation 

Ba!+Cx^-^I)af'+ &c. ... =0, 

which of course tacitly assumes the condition that x 
is not zero; in this manner is obtained the equation 

B+Cx + I)a^+ &c. ... =0; 

and then by putting x = 0, contrary to the implied 
condition, the conclusion J? = is arrived at. Another 
example of this kind of reasoning is given in the first 
note, page 6. 

The asmmpttofiy thaty(a: + A) can be expanded in 
a series of the form ^ + Bk*^ -f Ch^ &c. . . . seems to 
me to be a serious defect in the common method of 
establishing Taylor's Series, and thereupon the principles 
of the Differential Calculus. This assumption is usually 
justified by arguing, that if we find definite values for 
u^, B, C, &c. it shews that the assumption is correct. 
Now this argument may be stated thus : 

" If the assumption that f{x + A) = ^ + Bh^ + Chf^ 
+ &C. be true, then j4, jB, C, &c., must have definite 
values. But we can in general obtain definite values 
for A, B, C, &c. ... {e. g. by the method of indeter- 
minate coefficients.) Therefore the assumption is true.*' 

This is clearly a falacious argument, for to warrant 
the conclusion the first premise should have been this: 
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" If the assumption he ?iot truey definite values can- 
not be obtained for ji, JBy C, &c." 

These defective steps of reasoning and others which 
might be mentioned, are objectionable, not because they 
lead to erroneous conclusions, but because they ought 
not to be found in a subject like the present, in which 
every thing should be comformable to the strictest rules 
of logical deduction. M. Cauchy has done much to- 
wards the improvement and perfection of the Differ- 
ential Calculus, and his writings on this, like those on 
the more abstruse branches of mathematics, are most 
valuable. In one or two places the methods I have 
employed in the following pages are apparently similar 
to those of M. Cauchy, but in reality they are essen- 
tially different: so far as I am aware I am indebted 
to him only for article 48. 



Cambridok^ 

October, 1842. 
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The i-eadcr is requested to make the following correction wliich is of 
some importance. 

3rd line from foot of page 76 instead of (2) read (0). 
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DIFFERENTIAL CALCULUS. 



CHAPTER I. 

PRELIMINARY REMARKS. VARIABLES AND CONSTANTS. FUNCTIONS, 
CONTINUOUS AND DISCONTINUOUS. ILLUSORY FUNCTIONS. 

EXAMPLES. 



1. At the commenceinent of a treatise upon any science. The natuic 
the reader naturally expects to find some brief statement of ferential 
the nature and object of that science ; but in the present ^j^not^be 
instance it is impossible to make such a statement, unless explained 

1 mm. 111*^ first. 

the meaning of certain tei*ms, necessary to be used, be pre^ 
viously explained : for the Differential Calculus, from the very 
first, involves notions which must be new to one who is ac- 
quainted with no more than the common elements of Algebra 
and Analytic Geometry ; and in the following pages we must 
suppose the reader to have advanced only so far in the study 
of mathematics. 

We shall therefore make a few preliminary remarks, and 
explain certain fundamental notions, before we state what the 
Differential Calculus is. 

2. Any quantity capable of variation is called a Vari-- ^^^^^ 
able- sunts. 

Any quantity which cannot vary, or^ if it can^ is sup^ 
posed not to vary^ is called a Constant. 

Thus in the general equation to a right line, namely^ 
y « mi7 + c, if we suppose the line never to change its position, 

1 
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m and c are constants, and of and y are variables; but if we 
suppose that the line may change its position 9 m and c are 
variables as well as a? and y, for they are then capable of 
variation. 

It is usual to take the first letters of the alphabet a, 6, 
C...&C. to denote constants, and the last letters...t^y t?, w^ v^ 
yy X to denote variables; but in many cases this distinction 
cannot be conveniently maintained, inasmuch as quantities 
which in one case we consider variable must often, in another, 
be considered constant, and vice versa. 

Variables are often called, Arbitrary quantities^ Indeter-' 
minate qziantities, Unassigned quantities-, 

Contmnoua 3, jf variable to which tee may give in succession any 
continuous number of different valueSy which differ from each other as 
ana es. ^^^^^ ^^ ^^ please^ is called a Continuous Variable ; other- 
wise it is said to be Discontinuous, 

Thus if X be taken to represent the length of any line 
which may be of any magnitude we please, then d^ is a con- 
tinuous variable : but if .v be taken to represent any integer^ 
then it is a discontinuous variable; for in the former case 
we may give to a in succession any number of different values 
which differ from each other as little as we please ; whereas in 
the latter case, though we may give ai any number of different 
values, we cannot make them differ from each other as little as 
we please. The distinction between a continuous and a dis- 
continuous variable may be briefly expressed by saying, that 
one admits of gradual change, but the other does not. 

A Function 4. The result obtained by performing a certain opera-- 
The Func- tion or set of operations upon a variable x, is said to be 
tation ex^" ^ certain function of x. 

plained. 

The words "a certain function of^ are, for the sake 
of brevity, denoted by the letter / written before w. Thus 
the equation y^f{/c) simply means, that y is "a certain 
function of a?, i. e. that y is the result of performing a certain 
operation or set of operations upon as. The letter/, which we 
shall call the Functional Letter ^ is, as it were, the represent 
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taiive of the particular operation or set of operations performed 
upon 0?. Thus if /{w) = .r", / represents the operation of 
taking a quantity to the n}^ power; if /(a?) « log sin a?, / 
represents the operations of taking the logarithm of the sine 
of a quantity ; if BPQ (fig. 1) be a given curve, AM ( « tr) 
MP ( -y) the coordinates of any point P, and if we take 
/(a?) to represent y, then / represents the operations of mea- 
suring AM equal to j? along the line AJTy erecting MP perpen- 
dicular to AJTf producing it to meet the curve at Py and so 
finding the length MP or y, 

5. From the definition here given of a function we may a function 
see that /(a*) is not necessarily a quantity which changes when "eceLanly 
A' changes ; for a set of operations performed upon of may ^ quantity 
sometimes lead to a result which is the same for all values changes 
of .r. This will appear from the following example. variable* 

Let APB (fig. 2) be a semicircle whose radius is a, C its 
center; take any arc AP = x^ with P as center, and some 
given line c as radius, describe a circle cutting AB at the 
point Q: then we may say that AQ is a function of x and 
denote it by f(ic)\ f will therefore represent the operations 
of measuring oc along AP^ describing a circle with radius c 
and center P, so finding Q, and therefore finally AQ. 

Now in general AQ or/(«r) will be different for different 
values of «r; but if we take c« a» then the circle described with 
P as center and c(^sz a) as radius will always cut AB at the 
center C, and therefore we shall have ^Q » AC or /(^) « a, 
whatever be the value of tr. Hence fix) in this case does not 
vary when w varies. 

Thus it appears, according to our definition of a function, 
that/(tiT) is not necessarily a quantity which changes when w 
changes; and this remark is important, as will appear hereafter. 

6. When we have occasion to consider several different 
functions at the same time, we employ different functional 
letters, in order to distinguish between them. The letters 
commonly used, in addition to /, are Fy 0, >//$ x» *"^ some- 
times these letters with dashes, thus/', F*, <p\ >//', x ®*' /"> 
iP", &C...&C. Thus we might put/(tr) to represent a?% <f> (a) 

1 — 2 
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to represent log sin .r, \//' (.r) to represent y in the curve, fig. 1, 

Functions y 'j'j^g result of performing a certain operation or set 

variables, of Operations upon several variables a^ j/, Zy &c. is, in like 
ofoife. manner, said to be a certain function of .r, y, ar, &c., and is 
represented similarly by the notation /(a?, y, Jif,...). Thus 
*^+ tr "^ *■> «rlog (y + z)y are the results of performing certain 
operations upon cT, y, ^, and are accordingly said to be certain 
functions of <r, y, ^, and we denote them by functional letters 
written before a?, y, x^ thus, viz. 

*^'+ y*+ «^^f{oi!j yy x) A'log(y + «) = (cr, y, ar.) 

Ceometn- 8. We may evidently draw the curve BPQ, (fig. 1) in 

Jentauonof such a manner that y shall be any function we please of *r ; and 

a function. \}^yj^^ l)y means of a curve we may denote any function, and as 

it were represent it to the eye, which is often a very good 

method of illustrating general theorems respecting functions. 

Functions 9. In a function of several variables /(cV, y, «?..,) it may 

ant and of happen that the variables ^, y, ^...are connected with each 

antTaH-" Other in some manner, so that we cannot change one without 

ables. at the same time changing the others. Or it may happen that 

«i7, y, j!r...are not at all connected with each other, so that we 

may assign to each of them any value we please independently 

of the rest. In the former case/(.v, y, ar...) is said to be a 

function of several mutually dependant variables, and in the 

latter case /(^, y, z) is said to be a function of several inde- 

pendant variables. 

Functions \Q^ \ quantity y is said to be an explicit function of 

explicit and i i . . 

implicit, another, a?, when we can state the precise operations by which 
y may be deduced from cT ; if not, y is said to be an implicit 
function of a?. Thus if we are given the equation 

y*- Sx^y + a^^ 0, 

we know that there must be a certain set of operations by 
which y may be deduced from x^ but what these operations 
are we cannot precisely state; in such a case y is called an 
implicit function of x. 



occur in 

are 
continuous. 
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11. The functions which commonly occur in mathematical ?'*»« func- 

, , , «• *>ons which 

investigations are of such a nature, that they always suffer a commonly 
gradual and not a sudden change, so to speak, when the^ath^ma- 
variablc is gradually altered in value. Functions of this kind ^*^* 
are called Contimious Functions. By saying that a function 
f(af) always receives a gradual change when w is gradually 
varied, we mean this ; that if .r be changed into a/y and there- 
fore /(.r) into /(a?'), then f{*v) -/(.r) may be made as small 
as we please by taking a?' ~ a^^ small enough, whatever be the 
value of a. That this is true for all ordinary functions, such 
as 07", a', log 07, sin .r, &c....8zc. and all ordinary combinations 
of these functions, such as (a' -f log sin <r)", a' sin Xy &C...&C. 
does not require to be proved, for it is quite evident. All 
ordinary functions therefore are continuous functions. 

12. Functions which sometimes suffer a sudden change Discohu- 
when the variable is gradually altered in value, are called fJ^n^Jo^s 
Discontinuous Functions. Thus, if we draw a broken curve 

as in (fig. 3) the ordinate will be a discontinuous function of 
the abscissa: for it is evident that the ordinate will suffer a 
sudden change at the points P, Q, iZ, aS', supposing the ab- 
scissa to be gradually varied. 

13. We shall never have occasion to consider discontinu- 
ous functions in the following pages, and therefore we shall 
always suppose that the functions we make use of are con- 
tinuous. 

Hence, ii f{ai) be any function of x we make use of, and Assumf)- 
if X be changed into x\ and therefore /(«t) into /(or') ; we wc shall 
shall always assume that f{x') --/(o?) may be made as small JJJJ'J'* 
as we please bv takinff a/ - o? small enough whatever be the respecting 

, 'I " ® ® funcUons. 

value of 0?. 

14. A function f (x) is said to become Illusory when the An illusory 
operations represented by f cease to give any definite result ; defined? 
which may happen in certain cases, as we shall shew. 

* y ~.v denotes the difference between jr' and x, subtracting the greater of these 
quantities from the lesser; x' ~x is therefore the absolute difference between x' and x 
without regard to sign. 
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Ex.1. 
A fraction 
which as- 
sumes the 



form 



a? ^ x 



Thus, if f{x) = — , the operations represented by / 

^ — 1 

o""' cease to give any definite result when .t? = 1 ; for then /(.v) 

0* 1-10.. 

assumes the form , or - , which is not a definite result, 

1-1 

as is shewn in the note*; /(*•) therefore becomes illusory when 

a? = 1. 



Ex.2. 



15. Again, if /(a?) = (l + cr)-, the operations represented 
O + O* by / cease to give a definite result when «t? = ; for then 

(l + ar)' assumes the form l**, which is not a definite result, 
as is shewn in the notef; f(cD) therefore becomes illusory, in 
this case, when w = 0. 



Case^of two ^^' Again, if ABC (fig. 4) be an ellipse marked with the 
intersecting usual letters, PG the line bisecting the angle SPH^ and 



- floes not * '^**** o" *** "*** * definite qiianuty appears thus, s- according to the strict 

represent definition of a quotient, is that quantity which multiplied by gives : now any 

any definite 

quantity, quantity whatever multiplied by gives 0; therefore ^ is any quantity whatever; 



i. e. it is not a definite quantity. 







It may be said, however, that though ^, considered absolutely, is not a definite 
quantity, nevertheless -3 — \ becomes .J when jr = 1 ; for -^ — y= T > *"*^ — TT~ 'i 

X^ -*" X 

when .T=»l, and therefore -5 — r = A when .r=l. 



X 



X^ — X — 

To this we may answer, that —^ — \ is proved to be equal to -~-^ by dividing its 

numerator and denominator by jt — 1 ; but we may not perform this division when 
J? — 1 s 0, since there is no rule of Algebra which enables us to divide the numerator 
and denominator of a fraction by zero without altering its value ; hence the equation 

—5 — \ = —~j holds only on the express condition that x does not = 1 ; and therefore 

we may not draw any conclusion from this equation which requires us to suppose 

•v* — X 
that X actually = 1 : consequently, we cannot assert that -g — r = ^ when x^i be- 

•IT — 1 



cause 



a^-x 



a^-l-^'+r 



lo not a 
definite 
quantity. 



t That 1^ M not a definite quantity may be shewn thus. 1^ is that quantity 

which taken to the power becomes 1 ; now any quantity whatever taken to the 

I 
power becomes 1 ; therefore 1^ is not a definite quantity. 
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CM {ma) the abscissa of P; then if we assume /(^) « CG, lines bc- 
the operations represented by / cease to give a definite result fn^dent?^ 
when a *» a. For / represents the operations of drawing MP 
perpendicular to CM9 so determining the point P, and the 
lines SPy HPy and then drawing PG to bisect ^ SPHy and so 
finding Gy and therefore CG. Now when x ^a^ P coincides 
with Ay and therefore the line PG with CAy and therefore PG 
cannot be said to intersect ^C in one point more than another ; 
therefore CG is not a definite quantity, and therefore the ope- 
rations denoted by f cease to give a definite result when m ^a. 
Hence f{ai) becomes illusory when x '^ a» 

17. Again, if P (fig. 5) be a point on a curve PQy RPQ Ex. 4. 

a right line drawn through P and any other point Q on the nght lino 
curve, meeting the axis of a {AX) in the point R : then if we ^^ ^[|J"g^^5^° 
assume arc PQ = *, and A PRJTsa 0(*), the operations repre- curve.when 
sented by <j} cease to give a definite result when « b 0. For are made to 
(p represents the operations of measuring PQ = «, drawing *^**"*<^***^- 
RPQ through P and Q, and so finding the angle PRXi now 
when « 8 0, Q coincides with P, and any line whatever drawn 
through P passes also through Q; therefore the line QPR 
does not occupy a definite position, nor is /. PRX a definite 
angle, when Q coincides with P; and therefore the operations 
represented by / cease to give a definite result when « s 0. 
Hence 0(«) becomes illusory when «aO. 

18. From these examples it is evident that a function 
may become illusory when w receives a particular value, the 
operations represented by the functional letter ceasing to give 
any definite result. 

In each of these examples we may easily see that if w Functions 
differ ever so little from that value which makes /(^) illusory, lusoryVnly 
the operations represented by / do lead to a definite result. J^Jj '»o'»J«l 
It is therefore only for isolated values of of that /(«) becomes the van- 
illusory : and this will be found to be true in all cases where ^ 
functions become illusory. 



CHAPTER II. 



THE DISTINCTION BETWEEN AN ACTUAL AND A LIMITING VALUE 
EXPLAINED. A TANOENT DEFINED. THE NATURE OP THE 
DIFFERENTIAL CALCULUS STATED. 



Thedis- 19* The Examples brought forward in the preceding 

Setween an chapter, for the purpose of shewing that a function may 
»c^"a* , become illusory when the variable receives a particular value, 

vsilufi and a 

limiting lead US to make a very important though simple distinction, 
namely, the distinction between an Actual Value and a Limit- 
ing Value of a function. 

An Actual Value of a function f (x) is the result ob- 
tained by giving x some particular value, and performing 
upo7% it the operations represented by f. 

A Limiting Value of a function f (x) w that quantity 
from which we may make f (x) differ eis little as we please, 
by making x approach nearer and nearer in magnitude to 
some particular value without actually becoming equal to it. 

That the 20. An actual and a limiting value thus defined seem 

value does at first sight to be the same thing ; and indeed, as long as the 
SeadeVnite operations represented by / lead to a definite result, they are 
<i«*n^'^7 identical, as we shall prove presently; it is only when the 
actual function becomes illusory that the distinction between them is 
shemi by* real, and it consists in this, that the actual value ceases to be 
examples. ^ definite quantity, whereas the limiting value does not. This 
we shall shew in the case of the examples just alluded to. 

Ex. 1. 21. Let us consider the first example, namely 

A fraction 

which as- ^,« __ ^ 

'"•"V /(*)-— -1., (see 14). 

toim Q. «ir — J 

We have seen that the operations here denoted by / give no 
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definite result when or <= 1 , or, in other words, that the actual 
value ceases to be a definite quantity when o^ « 1. 

But not so the limiting value; for we may divide the 
numerator and denominator of f(x) by «v — 1, and so arrive at 

the equation /(tt?) « , except when x actually = 1 ; now 

J? + 1 

by making of approach nearer and nearer in magnitude to 1, 

without actually becoming equal to it, we may evidently make 

differ as little as we please from i, and therefore the 

*r + 1 ^ ^ 

same may be said of /(a?), since it ceases to be equivalent to 

only when a? actually = 1 : -j is therefore a quantity 

from which we may make /(a?) differ as little as we please, by 
making oe approach nearer and nearer in magnitude to 1 , with- 
out actually becoming equal to it. 

And it is easy to see that there is no other quantity but 

■^ from which we may make , and therefore /(^)» differ 

*P + 1 

as little as we please by making ic approach nearer and nearer 
to 1. Hence it appears that •^, and no other quantity but j^y 
is the limiting value of /(a) when .r approaches 1. We see 
therefore in this case that when the actual value ceases to be a 
definite quantity the limiting value does not. 

22. We are not yet sufficiently advanced to shew that the Ex. 2. 
same is true in the case of the second example (15); so we ^'^^jj"*®'"' 
shall pass on to the third example (l6). lines which 

* *" ^ become co- 

We have seen that the operations here represented by y»n«dent. 
cease to give a definite result when a? = a, i. e. the actual value 
of f(x) ceases to be a definite quantity when w =t a. But not 
so the limiting value ; for since PG bisects L HPS we have 

HG HP ae + CG a ^ eof ^. ^ . ^ . ^ 

-——. =5 --— , or -^rjz = (by Conic Sections) ; 

SG SP' ae - CG a " eco ^ ^ ^ 

and .'. CG or yC») « e^se *, except oe actually = a. 

* This proof evidently fails when x-a^ for then P coincides with A and the 
-triangle HPS ceases to exist. 
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' Now ^w may be made to differ from e*a as little as we 
please by making ao approach nearer and nearer in magnitude 
to a; therefore, as in the first example, e^a, and no other quan- 
tity but f?ay is the limiting value of f(co) when x approaches 
a. Hence in this case when the actual value ceases to be a 
definite quantity the limiting value does not. 

^:\^' 23. Lastly, let us consider the fourth example (see 17). 

A line cut- • r \ y 

tingacuive 

in two We have seen that the operations here represented by <b 

points . 1 /. • 1. I .1 11 

winch be- cease to give a dennite result when ^ == ; i. e. the actual value 
incident. ^^ ^(*) ceases to be a definite quantity when * = 0. But not 
so the limiting value ; for let AM (= ai) MP{^^ y) be the co- 
ordinates of the point P {^^.^ 0^), AN {= x) NQ(^y) the 
co-ordinates of the point Q, draw OP parallel to MNy and let 
y^fifc) be the equation to the curve: then we evidently 
have 

OQ y-y /(aO-/(^) 



tan PRX 



OP w' — tV ,v — ,v 



and this equation is true, no matter how near x may be to ^, 
provided .r' be not actually equal to d?, for then the triangle 

OPQ ceases to exist, and tan PRX and , — =^-^^ cease to 

a — x 

have definite values. 

Now for simplicity let us suppose the curve to be a para- 
bola having the axis of y for its axis, and its equation being 

accordingly y = — ; then 

X ^ X 4tm X — X 4f» 

except when x = x. 

Hence it is evident that, except when x' actually c a?, 
we have 



0(«) = /.PRX^iem 



J ,» •¥ X 



4m 
Now the second member of this equation may be made to 
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differ from tan"^ — as little as we please by making x 

approach Xy or, what is the same thing, by making s approach 

zero; hence (as in the first example) tan""* — —y and no other 

quantity, is the limiting value of /{a) when s approaches 
zero. 

In a similar manner we might shew, in the case of other 
curves, that f(s) has a definite limiting value when 8 ap- 
proaches zero. 

It appears therefore in this case, that when the actual value 
ceases to be a definite quantity the limiting value does not. 

24. This last example leads us to the best and most What a 
accurate conception of what a tangent is. For draw the a^curve is. 

line SPT making the angle tan"' — with the axis o{ w ; then 

2771 

by what has been proved z, P'PX is the limiting value of 
z PRX when Q approaches P\ i.e. z PRX may be made 
to differ from I.PTX as little as we please by making Q 
approach P without actually coming up to it ; or what is 
the same thing, z QlPS may be made as small as we please 
by making Q approach P without actually coming up to it. 

Now this being the case, it is natural to say that the line 
aSPT just touches the curve at the point P, or that it is the 
tangent to the curve at P. Hence we define a tangent in the 
following manner. 

25. If SPT be that line to which the secant RPQ may Definmon 
be made to approach nearer and nearer so as to make with it gent!^" 
an angle as small as we please, by making Q approach P 
without actually coming up to it ; then SPT is said to be the 

line touching the curve at the point P, or the tangent at P. 
Or to speak more briefly ; If S'PT be the limiting position of 
the secant RPQ when Q approaches P, it is said to be the 
tangent at P*. 

* Thit definition of a tangent beems to me to be the only accurate one that 
can be given, so as to apply to all cases of contact, such as contact at a point of con- 



12 WHAT THE DIFFERENTIAL CALCULUS IS. 

Differ *nual ^' '^^^ example we have just been considering, will 
Calculus IS enable us now to state generally the nature and object of 
BtafecL ^^^ Differential Calculus. 

We have seen, that to determine the position of the tangent 
at any point of a curve, as above defined, we have only to find 

the limiting value of '^—^ — ; — ' when cv' approaches a; ; it 

0? — 0? 

appears therefore that we may arrive at a general method of 
drawing tangents to curves by means of this limiting value, if 
we can find it in all cases. 

But this is a very small part of the use which may be 
made of this important limiting value : for there are very 
few branches of exact science which are not largely indebted 
to its assistance for the progress they have made. Indeed, 
without it, some of the most interesting applications of mathe- 
matics to the explanation of natural phasnomena could never 
have been effected. 

Now the Differential Calculus is that branch of mathe- 
matics whose object is, in the first place, to determine a set of 

fCv) — f(a!) 
rules whereby the limiting value of , — when a?' 

tC — oe 

approaches <r may be found with facility in all cases ; and, 
in the second place, to explain some of the principal uses 
which may be made of this limiting value in pure mathe- 
matics. 

The origin of the name Differential Calculus we shall 
presently explain. 

tnry flexure, contact at a cusp. It certainly is not correct to define the tangent STP 
to be the position which the line QPR assumes when Q coincides with jP, for we 
have seen that the line QPR has no definite position when Q coincides with P, 



CHAPTER III. 



CERTAIN LEMMAS RESPECTING LIMITING VALUES. 



27. In the preceding Chapter it was our object to shew 
that there is a real distinction between an actual and a limiting 
value in certain cases, and to state briefly the nature of the 
Differential Calculus. We now proceed to prove certain 
Lemmas, and to obtain certain limiting values which we shall 
find useful hereafter. But we must make a few remarks pre- 
viously. 

28. When a quantity may be continually diminished, so The i>hraM 
as to become less than any specified quantity, however small, ad hbi- 
without becoming actually zero, we shall say that it may be L^JUned.** 
^^ diminished ad libiium.'" We shall find this phrase con- 
venient and perhaps less likely to be misunderstood than the 

words *' diminish indefinitelyy'' which are generally used in 
the same sense. 

29. Employing this phrase, we may state the assumption 
made in (IS) as follows: viz. 

By continually diminishing x' - x, when it has once ^^""£|"e 
become sufficiently smally toe may diminish f (x') - f (x) ad m Art. 13, 
libitum; f(x) being any function^ and x any value of /Ae somewhat 
variable. And more generally by continually diminishing ^^^^^^^^^^' 
x' -' X, y' - y> z' ~ z ... when they have once become suffi- 
ciently smally we may diminish f (x'y'z'.,.) - f (xyz.,.) ad 
libi t u m ; f (x y z . . . ) denoting any function of several variables^ 
and x, y, z... any values of these variables. 

Of course we here suppose that /(.r) {or /(*r,y, ar...) if 
there be more than one variable} is not illusory. 
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30. And the definition of a limiting value in (19) may 
be stated thus : 

Definition If by continually diminishing x - a, when it has once 

valuestated ft^cowe su-fflcie7it ly smoll^ we may diminish f (x) - A ad 
dxffeTcntly. liWtum ; then A is said to be the limiting value of f(x), 
when x approaches a. 

It is clear that the assumption and definition thus stated 
are equivalent to what they were before, only that they are 
more exactly expressed and better adapted to the use we shall 
have to make of them hereafter. 

f(x)'^A 31. It is important to notice, that in this definition of a 

does not 111 .... , , , /.•>. j t--i 

general di- limiting value we do not assert that / (a') - ji must dimmish 
!r^a untiV when J? - a is diminished, for all values of a? - n, but only when 
x~a has Of -^ a has once become sufficiently small. There are many 

become less , . , •' ... "^ 

thanacer- cases in which /"(ti?) - A increases as ct? - a diminishes, and con- 
tinues to increase until x --' a has become less than a certain 
value, after which it continually diminishes with x -^ a. 

To avoid circumlocution, instead of saying, " By diminish- 
ing X - a, when once it has become sufficiently small, we di- 
minish fijxi) ~ A ad liHtum^ we shall simply say, *' By 
sufficiently diminishing «r ~ a we diminish f{x) -^ A ad libi- 
tum,'''' 

K may be a 32. It is also important to observe, that it is not essential 

ous van- ~ to our Conception of a limiting value, as above defined, that x 
vujed a^be should be a continuous variable (see S) ; all that is necessary 
possible to is this, that it be possible to diminish x '-- a ad libitum^ that is, 

diminish • . i i •/• j • i ■•• 

«~aad to make it less than any specined quantity however small, 
*^*'"'"' without actually making it zero. 

Thus if we suppose ,r = a + — , where n is always an 

integer, and therefore x not a continuous variable, we may 
conceive the existence of a limiting value of f{x) when x ap- 
proaches a (which it does when n approaches infinity), just as 
well as if x varied continuously : for by increasing n, though 

it be an integer, we may diminish — or /r - «, ad libitum; 
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which is all that is supposed necessary so far as ^ «« a is con- 
cerned in our definition of a limiting value. 

But if we suppose d? s a + n, where n is always an integer, 
then it is impossible to conceive the existence of a limiting 
value of f(af) when of approaches a, since we cannot make 
A* ~ a or n less than unity unless we make it actually zero. 

We now proceed, as we stated, to prove certain Lemmas, 
which will enable us to reason more exactly hereafter, and will 
now serve to illustrate the nature of limiting values. 

33. The limiting value of f(\) when x approaches a is Lemma I. 
the same whatever sort of variable x be^ provided of course 

at '^ a may be diminished ad libitum. 

Let /v and z be two different variables such that both 
tV '^ a and « '^ a may be diminished ad libitum^ and let A be 
the limiting value of f{/v) when w approaches o. Then by 
sufficiently diminishing a? ~ a and « - a, and therefore z - .r, 
we diminish ad libitum^ /(^) - -^ by the definition in (30), 
f(jv) -/(«) by the assumption in (29), and therefore f(%)^ A. 
Hence by sufficiently diminishing «f - o we diminish /(«) ~ A 
ad libitum^ and therefore, by the definition (30), A is the 
limiting value of /(.v) when z approaches a, as well as that 
of /(a?) when .r approaches a : from which the truth of the 
Lemma is manifest. 

Thus if AT be a continuous variable, and z a discontinuous Examples. 

variable in the form 04.-, the limiting value of /(j?) when 

n 

,v approaches a, is also that of f(z) when z approaches a. 

Again, the limiting value of /(a?) when at approaches a 
is just the same thing as that of /(c*) or of /(tan «r) when 
c* or tan at respectively approaches a. 

34. /f f(x), when eatpressed in terms of another variable Lemma II. 
z, becomes (z), and if x ^ bl when z = b ; then the limiting 

value of {{x) when x approaches a, and the limiting value of 
0(z) when z appi'oaches b, are the same thing. 

For let A be the former limiting value ; then, since at ^ a 
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when z *^ by it is evident that by sufficiently diminishing z -^ b 
we may diminish oe '^ a ad libitum^ and therefore f(jv) - A^ by 
definition (30), and therefore <p(x) — A since <p{x:) ^ f{ai)\ 
therefore A is the limiting value of <p{x) when % approaches 
by by def. (30). u. k.d. 

1 
Examples. Thus if in the function f{xf) we put ,r = a + , and 

therefore /(a?) =/fa + -| ^ (p{z) suppose; then a? = a when 
» = 00, and therefore the limiting value of /(«r) when x ap- 
proaches a is the same thing as that of 0(af) or yja 4.-1 
when % approaches 00. 

€' - 1 

Again, if /Or) = , and we put e' = sr, and therefore 

X 

« — 1 
.Talog^, and therefore /(.r) « -j = 0(ar) suppose; then 

w evidently ■= when 5? = 1, and therefore the limiting value 

€*- 1 

of /C''?) or when x approaches 0, and that of 0(«) or 

«- 1 



log ^ 



when z approaches 1, arc the same thing. 



We shall find this method of transforming expressions 
very useful in finding their limiting values. 

Lemmalll. 35. Every Actual value is also a Limiting value. 

We have defined f{a) to be the result of performing the 
operations represented by / upon a ; therefore, by the defini- 
tion of an actual value in (l9)> /(a) represents the actual 
of fQv) when a? = a. But, from the assumption stated in 
(29), and the definition of a limit in (30), it is evident that 
f(a) is the limiting value of f{a) when a? approaches a. 
Hence the truth of the lemma is evident. Of course we here 
suppose that f(a) is not illusory. 

UmmaTV. 36. If A be the Limiting value of f (x) when x ap^ 



LEMMAS RESPECIMNG LIMITING VALUES. 17 

proaches a, f (x) has the same sign as A for all lvalues of x 
taken sufficiently near a. 

Since /(a?) '^ A may be diminished ad libitum by taking 
a? near enough to o, it is clear that /(ii?) may be made 
greater or less than zero, according as A is greater or less 
than zero; or in other words, /('») may be made to have 
the same sign as A by taking ip near enough to a : and when 
tV is made to approach still nearer to a, since we so diminish 
y*(d?) '^ A still more, at least for all values of /v near enough 
to a (see 31), f(-v) must continue to have the same sign as A. 
Hence fix) has the same sign as A for all values of «r taken 
near enough to a. q.e. d. 

37. If f (x) be any function of x which becomes illusory Lemma V. 
when X = a certain value a, and if for each value of x (a 

of course ewcepted) f(x) has only one value; then f (x) 
cannot have more than one limiting value when x ap- 
proaches a. 

If (possible let two different quantities A and B be both 
limiting values of f(jv) when x approaches a ; then we may 
make f(a}) differ from both A and B as little as we please, 
at the same time, by sufficiently diminishing ^ ~ a ; there* 
fore w may be so taken, that A and B shall differ from the 
same quantity f(jv) {since f{ai) has only one valuej, and 
therefore from each other, as little as we please ; which is 
absurd if A and B be two different quantities; therefore^ 
must be equal to B, Hence there cannot be more than one 
limiting value, q. k. d. 

38. Hence if we can prove that A is a limiting value of 
f(jv) when x approaches a, we are sure that no other quantity 
but A is a limiting value, and therefore that A is the limiting 
value. 

Hence it appears that a limiting value is not a mere a limiting 
approximation, but a perfectly definite quantity ; for if it a^^^ ap-* 
were a mere approximation, then, when we had found a limit- proximate 
ing value A^ any quantity differing very little from A would 
be just as much a limiting value as A ; contrary to what has 
been just proved. 

2 
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We have supposed that the function f{oc) has only one 
value for each value of .r ; if however it has more than one, 
n values suppose, it is evident that there will be n different 
limiting values, and no more, when x approaches a. Thus if 

/(,) = « +6 (^2-^) 

which has two values for each value of ^, then there are two 
limiting values when x approaches 1 ; viz. a + 6 and a — b. 

Lemma VI. 39. ff f(x) and (p (\) be two functions^ one of which y 
f (x), becomes illusory when x = a certain value a, and the 
other ^ (p (x), does not ; and if we can shew that f (x) = (p (x) 
for all values of x^ ^ of course excepted ; then (p (a) is the 
limitinff value of f (x) when x approaches a. 

For by (29), we diminish (.r) ~ (p (a) ad libitum by 
sufficiently diminishing a? - a ; but in so doing we never 
suppose a? to become actually equal to a, and we are therefore 
sure that f(x) = («a?) ; therefore, we diminish f{x) - <p(a) 
ad libitum^ by sufficiently diminishing a' - a ; i.e. <p {a) is 
the limiting value of y(.r) when ,v approaches a q.e.d. 

Cor, I. If (p (a) be illusory as well as f(a)y and if we know A to 

be the limiting value of (^r) when x approaches a ; then we 
may shew, in exactly the same way, that A is also the limiting 
value of f{x) when x approaches a. 

Cor. 2. If, instead of being able to shew that f(x) =5 ^(x) for all 

values of x except a, we can prove that fix) ~ (p (r) is di- 
minished ad libitum by sufficiently diminishing ^ ~ a ; then 
the same conclusions evidently follow ; that is to say ; the 
limiting value of f{x) when x approaches a is <p{a)y or A 
if (p(a) be illusory. 

Lemma 40. If f (x) be a function which becomes illusory when 

x = a, and if we can prove that f (x) lies between* another 
function cp (x) and. a constant A for all values of x taken 
sufficiently near a ,• and moreover^ that A is the limiting 

' When we say that /(^) lies between '/>(.r) and A, wc mean that ^ (.f) is not 
greater than one oi these quantities and noi Ic^s than the other 
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value of (f}(\) when x approaches a ; then A is also the 
limiting value of f (x) when x approaches a. 

For since A is the limiting value of <f>(x) when w ap- 
proaches a, (<r) -^ ^ is diminished ad libitum when a? -^ a 
is «t(^r?en^/2^ diminished ; therefore, a fortiori^ since /(a?) lies 
between 0(.r) and ^, f(af)'^A is also diminished orf libitum 
at the same time ; therefore A is the limiting value of f(<v) , 
when a? approaches a. a.E.D. 

41. //* U, V, W... 6e any functions of k^ awrf f (U, V, Lemmn 
W...) any function of these functions^ and i/ A, B, C... 
be the limiting values of U, V, W... respectively when x 
approaches a certain value a; then f(A, B, C.) is the 
limiting value of f (U, V, W...) when x approaches a. 

For by sufficiently diminishing ^ ~ a we diminish U '^ A^ 
V — B9 W — C... ad libitum^ and therefore, by the assumption 
in (29), we diminish /(i7, F, W...) -fiA, B, C.) ad libi- 
tum; therefore f(Ay By C ...) is the limiting value of 
f(Uy Vy W...) when a? approaches a. 

Thus the limiting value, when .r approaches a, Examples. 

of U^V is A^B, 

that of UV is AB, 

^ U , A 
that of -p ^s " , 

that of {U*^ F*) sin W is (^* + B") sin C. 

In the proof of this Lemma, since we only speak of the 
limiting values of W^ T, FT... we make no supposition as to 
whether (7, F, W ,,. become illusory or not when «v == a ; so 
that the Lemma is equally true whether they do or whether 
they do not. If any of these quantities, U suppose, does not 
become illusory when ^»a, then A is of course its actual value. 

This Lemma evidently fails when the substitution of one 
or more of the quantities A^ 5, C... for f7, F, fF... respec- 
tively makes / illusory. 

2 — 9, 
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Kxampie 42. The following: example will shew the use of Lemma 

01 the use "  , _ 

of Lemma VIII. combined with some of the preceding Lemmas. 

VII I. com- 
bined with „ ^v» .-^-1. 1 

some of the , ^_ 0?* - So? + 2 , „ 2*' - 2*+ ' 

pieceihng Let c / = , and V « -—; — — — - , 

Lemma*: or" ^ I 2«' + 2^ - 6 

and suppose we wish to find the limiting value of 

when a: approaches 1. 

0? — 2 

Then, dividing out a? - 1, 67 = except when .r = 1, 

,1? + 1 

^ — 2 

and « —2 when €i?= 1. Therefore by Lemma VI. —2 

.r + 2 "^ 

is the limiting value of U when ^r approaches 1. 

a^ — 2jir 
Again putting 2' ^ Xy V becomes , and x « 1 

«^ + jjf — 6 

when y = 2; hence by Lemma II. the limiting value of V 

»* — 2» 
when .17 approaches 1, is the same thing as that of , 

when z approaches 2. Now except when ijf = 2, 

St^ — 25? X 

— = which = -i- when « = 2 ; 

iir-i-«-fi af + S ^ 

therefore by Lemma VI. ^ is the limiting value of V when 
w approaches 1. Hence by Lemma VIII. the limiting value 
of 

when ,T approaches 1 is 

43. In proving the above Lemmas we have supposed, 
that functions become illusory only for isolated values of the 
variable; or in other words, that, if /(a) bo illusory, /(,r) 
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IS not illusory for all the values of of extremely near a» but 
only for the single value a. This assumption is evidently 
true for all ordinary functions. 

We have not assumed the existence of a limiting value 
when the function becomes illusory in any of these Lem- 
mas, inasmuch as they are worded in this manner; *'//* 
A be the limiting value then such and such things follow ^\ 
nor shall we have any occasion to make this assumption ; for 
in all cases where we have to consider the limiting values of 
functions when they become illusory, the existence of such 
values will be proved and not assumed. We may just ob- 
serve however, that the existence of limiting values of functions 
when they become illusory is a necessary consequence of their 
becoming illusory only for isolated values of the variable, 
and of the assumption in (29), as it is not difficult to see. 



CHAPTER IV. 



CERTAIN LIMITING VALUES DETERMINED WHICH WE SHALL 

REQUIHE TO KNOW HEREAFTER. 



Lemma IX. ^^' If s 6e the length of miy arc of a curve, and c 



s 



the length of its chord ; the limiting value of - when s 



c 



approaches xero is unity. 



Let PSQ, be the arc (fig. 7), PCQ the chord, draw PR 
the tangent at P, and QR perpendicular to PjR, and let 
z RPQ = CO : then, as long as P does not actually coincide 
with Q, we may evidently assume that PSQ lies between 
PCQ and PR + QR (supposing of course that Q is taken 
near enough to P, so that the curve shall always bend to- 
wards the same side between P and Q) ; i.e. we may assume 
that 

s lies between c and c cos a> + c* sin o) ; 

g 

and therefore that - lies between ] and cos co + sin w* 

c 

Now, by the definition of a tangent in (25), is the 
limiting value of co, and therefore 1 that of cosco +sin£D, when 

s approaches 0: therefore by Lemma VII, 1 is the limiting 

value of - when s approaches 0. a.E.D. 
c 

Lemma X. 45. If d be an angle measured by the subtending arc 

9 9 

of a circle^ the limiting value of — — - , and that of , 

sm 9 tan 9 

when 9 approaches xero^ are each unity^ 
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We may evidently assume, for all values of 6 less than 



— , that 
2 



9 lies between sin 9 and tan 0, 



9 1 

and therefore that -: — - lies between 1 and 



sin cos 9 

Now -= 1 when = 0; hence by Lemma VII. 1 is 

cos -^ 

Q 

the limiting value of —. — - when 9 approaches 0. q. £.d. 

sin© 

46. We might have deduced this result from the pre- 
vious Lemma, by putting « = 2d, and c (which now becomes 
the trigonometrical chord of «) a 2 sin 0, and therefore 

c sin 9 ' 

x"* - 1 

47. To Jind the limiting value of when x I-cmmaXl. 

approaches unity^ n being any number positive or negative 
integral or fractional. 

It is clear that, whether n be positive or negative 
fractional or integral, it may always be expressed in the form 

- — —y where p, g, and r are positive integers. Hence we 
r 

may put 

a?» - 1 .V ' - 1 »'-» - 1 .^ 

ai as if we put ,V — »' 

a? - 1 r - 1 af* - 1 '^ 

1 («P - 1) - (»i - 1) 

Hence, dividing («' - !)-(«' - 1) and («* - 1) by «f - 1, 
observing that p, ^, r are positive integers, we have 

0?" - 1 1 (1 +ir + «^ ^ terms) + (l +* + «* 9 terms) 

cT — 1 J8f' ' 1 -I- « -f «^^ r terms 

except of course when « « 1. 



4( 



24 CERTAIN LIMITING VALUES DETERMINED. 

Now when ti? = 1, 2' = 1, and therefore the actual value of 

P '~ 9 
the second member of this equation is evidently or n : 

T 

of* - 1 
hence, by Lemma VI, n is the limiting value of — ^ 

when X approaches 1. 
Lemma 48. To shew that there e.vists a limiting value of 

XII. 1 \ " 

[ 1 H — j when X appt^oaches infinity , n being always an 

integer. 

By the Binomial Theorem for positive integers we have 

/ l\" n 1 n.n - 1 1 , ^ 

I 1 + _ = 1 + + to (n+ 1) terms 

\ n) In 1.2 n* 

where Fs, FS, and in general Fr, denote (1.2), 

(1.2.3), (l.2.3...r), respectively. 

Now in the series (l) all the terms are evidently positive, 
and when n increases each term increases, and the number of 
terms also increases. Moreover, this series is term by term 
less than the series 

1 1 1 

1 + 1+-+ — + — — ton + I terms, 

2 2* 2' 

which is < 1 -f Y * or 3. 

^ ~" "2 

Hence (l +— ) » which = 2 when n = 1, continually in- 

1 — *' 1 *' 

" A geometric series 1 + » + «* top terms = -% = = — , . Now if z 

:f 1 
be positive and < 1, r-— is a posiuve quantity, and therefore the series = r— a 

positive quantity ; therefore it is < . ^ , and this is true no matter how large p may 

be. Hence f i/z be a postitve quantity less than unity ^ I +k+s' + z' eofittnued 

to any number oj terms is < r-^' 
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creases as n increases, but never comes up to 3y no matter how 
large n becomes. Therefore it is clear that there must be some 

number between 2 and 3 to which we may make [l + — I 

^approach ad libitum by making n approach oo , which num- 
ber is the limiting value whose existence we wish to prove. 

49. To determine numerically the limiting valtte ofl^^^*^ 
(l + n)* when n approaches oo . 

The (r -f 1)*** term of the series (l) in the last article is 

R (- a (- 1) (- :-) < )(-^). 

which is clearly < — . 

Hence the (r + 1)"* and following terms of the series (l) 
form a positive quantity less than 

1 1 1 



Tr r(r+l) r(r + 2) 

p- (l +- + ^ 1 y 

vr \ r r ) 

which (by note, 48) is 



which is < p 




1 
or 



r(r-l)'r-l* 



which is < 



r(r-l) 
Hence (l+i)"=l-.l.jL(,.i) 



+ -— (1 111 1 to r terms 

rs V n)\ n) 



<f a positive quantity less than 



r(r - 1) 



* By saying that one quantity r4 approaches another v ad libHumf we simply 
mean that ti'^v diminishes ad hbtium. 
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If therefore we suppose r » 12, and consider only the first 
seven decimal places, it is clear from the table in the note*, 
that 



['^'nf-'^'^ki'-'n) 



+ -~- I 1 1 (1 ) to 12 terms; 

and this is true, no matter how large n may be. 

Now by making n approach 00 , the second term of this 
equation may, term by term, be made to approach ad libitum 
to the series 

1 1 
1 + 1 + 77- + =r- to 12 terms; 

which to 7 decimal places = 2.7182818 (by table,*). 

1 rr 1.00000000 

Y2= • 50000000 

Yi-= .16666666 

— = .04166666 

Yi= .00833333 

1^= .00138888 .... "^his table i> easily formed by 

^^ dividing 1.00000000 by 2, the re- 

I suit by 3, the result so obtained 

17= .00019841 by 4, and so on 

Yi^ 00 24 80 

|l7j= .00000275 

j7|Q= .00000027 

YY\ = .00000002 

Sum to seven dccmial placcb = .7182818. 
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Hence if we consider only the first seven decimal places, 
2.7182818 is the limiting value of |i+_| , when n ap- 
proaches 00 . 

50. In the same manner we might obtain this limiting Base of 
value to any greater number of decimal places. It is, how- Log^**^ 
ever, an incommensurable number like tt, and therefore, no JJJ^^^^^** ' 
matter how far we go, we shall never be able to obtain it 
exactly in numbers. It is usually denoted by the letter c, 

and it is taken as the base of a system of logarithms com- 
monly called Hyperbolic . 

For a certain reason, which we shall presently explain, 
logarithms calculated to base e are the most convenient to 
use in analytical calculations. We shall therefore always 
suppose that e is the base of whatever logarithms we have 
occasion to employ unless the contrary be specified. 

51. Hence e is the limiting value of (1 + x)* when Cot, \. 
X approaches xeroy x being any continuous variable. 

For this limiting value by Lemma I. is the same thing 
as the limiting value of (1 •¥ «Y when « approaches 0, where 
^ = - and n is always an integer ; and this latter limiting 

value by Lemma II. is the same thing as that of I 1 + — j 
when n approaches oo, which = e. a. £. n. 

1 * 

52. HencCy log^e or is the limiting value of Cor. 2. 

lOgBi 

log^ (1 + x) 

— when X approaches zero. 



X 

1 



_ logo (l "^ *^) 1 y v« 1 « 1 1 

For — ° ' = logrt(l + «T?) , and by what has just 

been proved, and by Lemma VIII. the limiting value of this 
latter quantity when /v approaches zero is log^^. 

* If log. e = (ty then a' = ff, and .*. e log, « = 1, or c = j . 
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^^^ • ^' 53. Hence also^ or log a is the limiting value of 

o ft 

a* - 1 

when X approaches zero. 

For, put a' - 1 = «, and .-. at = log^ (l + ») ; 

a' - 1 % 1 

then = , = r • 

w log„(l-».») log„(l+2r)- 

Now a? = when » = ; hence by Lemma II, the limiting 

a'- 1 
value of when w approaches 0, is the same thing as that 

of f when z approaches which, by what has been 

just proved, =t or logo. 



CHAPTER V. 



RULES FOR FINDING THE LIMITING VALUE OP y 



54. We now enter upon the Differential Calculus, pro- 
perly so called, which, as we have stated, is that branch of 
mathematics whose object i&, in the first place, to determine a 

set of Rules whereby the limiting value of — ^ — ; — when 

*r — fi? 

a/ approaches x may be found in all cases with facility ; and 
in the second place, to shew and explain some of the principal 
uses which may be made of this limiting value in pure mathe- 
matics. 

We proceed therefore, in the first place, to determine a set 
of Rules whereby this limiting value may be found in all cases 
with facility. 

ffx')— f(x) Notation 

55. We shall represent the limiting value of -^-f — ^-^ ^y which 

■^ ^ X — X w* rcpie- 

when X approaches x by the notation f'(x) ; t. e. by simply Xxmxiuie, 
dashing the functional letter, /^a"w(T) 

Thus if na» - ..». ISfiXzISf^ . fln^' « ^' + ^, ExL'ptc. 

w — Oi d? — ^ 

except when w' actually = x ; now the actual value of a/ + tP 
when OS ts Wy\s ^w\ hence, by Lemma VI., the limiting value 

of — -, when x' approaches x is 2*1?; i.e. 

X — X 

if f{x) « a?*, then f {x) = ^x. 
Again if f{x) ^ ax ^ bx\ ^^ i -^ ^ ^ 

X ^ X 

a(ar' -ar) + &(ar'='-.r'') „^., .. .^^ .. 
Bs «= a + f>( *p * -I- .t' «i? + 0? ) ; 

X - X 
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hence, as in the previous case, we find that if 

f{x) == oa? + ha?^ then /'(»»?) = o + Zhx'. 

And in general we may very easily shew in the same 
manner that if 

then /'(^) e= a, + Sa^^ H- Stf^a'^ ... + na,.r*"^ 

Thus when /(^) is a rational and integral function of »r, 
f\x) may be derived from it by multiplying each power of .r 
by its index, and lowering that index by unity. 

Ongin of 56. This notation /' is due to Lagrange : the function 

/'(a), and /'('^) ^^s Called by him the Derived Fu7iction or DeHvative 
DenliUve ^^ /(*^)5 because it may be derived from /(.t) by the peculiar 
or Derived process just Stated, at least when f(x) is a rational and in- 
tegral function of x. 

The following are the Rules whereby we may find this 
derived function or derivative in all cases M-ith facility. 

Rule 1. 57. If f(x)=^a constant c*, f'(x) = 0. 

For then "^-4 — =^-^- = - =0, except x = x ; 

X — X X - X 

.-. lim. val. of — '- — ^ when x app. x is zero, by Lem.VI., 

X — X 

i.e. f{jv) = 0. 
Co,. If f{x) « c + <pOr), f{x) = 0'(r). 

For then IS^X^^I^ - ±^_±i^ ^ 

X — X X — X 

and .*. /'(.t?) = 0'(^). by Lem. VI. Cor. 1. 

A constant therefore added to a function does not appear 
in the derived function. 

* We have «ecn m (Ti) that a tunclion of *• m.ay be a constant quantity. 
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58. If t{x) ^ c0(x), <j> denoting any function; /AenRuieii. 
f'(x) = c0'(x). {V^(,). 

For then ffiWCf) . ,0(^')-»C^) , 

the limiting value of the second member of this equation when 
^' approaches cV is c<p'(,v): hence, by Lem. VI. Cor. 1, 

/(.r)-c0'(a;). 

Rule III. 

59. // f (x) = ^ (x) ± ,/, (x) J. X (^) * &«•' 0» V" X' &<=•' = t (^>) 
denoting any functions; then f^*)— 

f'(x) = <p'(x) i >//'(x) i x'('') =*= 8tc. 

For then /(^') -/C^) = 0(^')-0C^) ^ x^ (^Q - >/^ (-r) 

»r -- .r 

The h' mi ting value of the second member of this equation 
when tv approaches «r is 

<f> {w) ± >//'(.!?) ^ x'('^) **=••• &Cm ^y Lemma VIII. ; 
hence, f* (a?) « 0' (.r) afe \^' (.r) ± ^' (»i?) =*» . . . &c. 

60. If iix)=<f>{%).^^{x), then «»'«jV. 

f (X) = </>'(x) . >/,(x) + 0(x) . >^'(x). *<'^*<'>- 

For then l^Zm 

X — cV ^ X — X 

now the limiting value of the second member of this equa- 
tion when x' approaches «r is 0'(^) \//0p) + ^(.'i7)>^'(cr), by 
Lemma VIII. ; 

hence, f{'V) = 0'Ct?) yj/^'V) + (p(x) yf/'ix). 
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*^<>''-'- 61 If iiy.\ - ^^^' then 

fU) ^ ^^^' ,;,(x)' 



^^ WJooF • 

For then /(^) >/^(*) = 00^) ; and, as in the rule just 
proved, we have 

f(po) xl,{.v) + /(.r) x/,'(.r) - 0'(.r) ; 
whence rW ^ ^'^^^ "'^^^^ ^'^^^ 

putting for f(af) its value. 

RuleV.^ 62. //• f(x) = x", Men f'(x) = nx"-^ whether n />« 

/(x; = 1 . ijif^gj.fii Qy fractional^ positive or fiegative. 



For then 



CO -^ X .1? — 37 



«"- 1 . 

= a?""* . if we put x = xx. 

Now x' ^ X when « = 1, therefore by Lemma II. the limit- 
ing value of the second member of this equation when z 
approaches 1 is the same thing as that of the first member 
when »r' approaches x\ but by Lemma XI. n is the limiting 

«"- 1 
value of when z approaches 1. Hence /'(*) = «.r'"'\ 

Examples 63. By means of these five Rules we may find the deri- 

oftheso*^ vative of any rational function of x. For example: 

five rules. 

Let /('^) = ^0 + «i '^' + ^%^^ «.i''*^"» 

then by Rule III. /'(.r) is found by taking the derivative of 
each term separately ; also by Rule I. the derivative of a^ 
is 0, and by Rule II. the derivative of any other term af^.t* 
is f7^ X the derivative of .r", or a^rnx""'^ by Rule V. 
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Hence f{x) = a^ +2^2^ + SOs^r^ na^af"'. 

Again, let /(.) = ^,-p^, - ^ suppose ; 

then 0'(a?) = 2a?, x/f'Cv) = 2cT, and therefore by Cor. Rule IV. 

2.1? (a?* + d*) - (a?* - a*) 2a? _ 4a^a? 

Again, let /(a?) = Ja?« + ^a?"', 

then /(^)«|^a?l-S-ffa?-* by Rules II. III. V. 

Again, let 
f{ic) = (a?* + a?-') (.r* + a?-i) » 0(a?) . >// (a?) suppose ; 

then 0'(a?) = 2a? - 2a?-', >//'(ar) = ^a?"* - ^a?"^ ; 

hence by Rule IV. 
/(a?) = 2 (a? - a?-3) (^i + j?-i) + ^ (.x^ + .v"') (.r^i - .r-«). 

(For more examples see Appendix A.) 

1 1 Rule VI. 

64. // f (x) = ^.x, then ^'C'') = ^ • " • /iCx)-iog.r 

For then 

x' — SC X — x 



I log.(^») - log,a> .J. ^^ p^^ ^, _^ ^^ 



a? ar - 1 

a? « — 1 

Now ^'sa? when «« i, therefore, by Lemma 11^ and 

Lemma XIIL Cor. 2, ; .- is the limiting value of 

logo a? 

-Ll — ^ J^ ' when X approaches a?, i,e. / {•») = ^ .- . 

a?'-.T ^^R^ ^*' 

3 
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r^**\'«i ^^ « = e, then loga = l, whicli gi ves Z' (.p) = - . 

Reason Jt appears therefore that we get a very simple expression 

usually for the derivative of the logarithm of x when e is taken as 
basc^oT ^^ ^^ base. It is for this reason that this base is chosen in 
logarithms. ^H analytical investigations, except, when numerical calcula- 
tions come in, in which case 10 is a much more convenient 
base. 



/(Jr)r^«'. 



'Vx?J"; 6^- V <'(x) = a% then r(x) = loga.a' 

For then 



.r — iV ,T — .1' 



a* — 1 . , 

— a* . if we put ,v — tT = ar. 

Now .r' = ,r when ;:r=i, therefore, by Lemma II., and 

f(iv)-f(a:) 
by Lemma XIII. Cor. 3, a* log a limiting value of ; 

ti """ /L 

when a?' approaches .r. Hence f {x) = log a . a'. 



('or. 



}(7) = c\ I^ /C^) = ^% tl^en /C'^) = ^y since log^e = 1. 

Rule Vlll. 66. If f (x) = sin X, Mew f'(x) — cos\\ and if f (x) = cosTiy 

f(x) = 3inx ., r> / \ -^ 

or COST, ihen f (x) = - stn x. 

For if f(jp) = sin .r 
fije) — Z('**) sin 0?' — sin .r 






a? + tT . W — ,V 

2 COS sui 

2 2 



• , 



Sin « _ .r - tT 
= cos (.r + «) if we put = ». 

Now the limiting value of the second member of this 
equation when z approaches is cos .r, by Lemma VIII. and 
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Lemma X.; therefore, since x = x when ar s= o, we have by 
Lemma II. f{x) = cos .r. 

And if /('P) «=cos.r we find similarly 

. x' + X , x' — X 

-. ,^ ., . 2 sm sin 

f(x') ^f{x ) ^ 2 2_ 

X — X x' — X 

= ~ sin (itr + j^) sin x ; 
and therefore f(x) = — sin ^. 

1 cos X v/Or. 

Hence if /(.r) = cosec a> ^ -^ , /(.r) = - ^j- , by /<^;>^«J' 

sm a? sin".r oi cosccr. 

Rule IV. Cor. 1, putting 0(a?) = 1 and \^ (.r) = sin «r. 

And if /(.T)«=seca?= , /'C^) = — r~ similarly. 

cos X cos .v 



67. If[(x)^tanx, then f'(x)= — — , and if{(x)^cotXy Ruleix. 

or cot or. 

Men f'(x)=- — 



stn^x 



For if /(a?) = tan x^ 
f(x) —/(x) tan x' — tan » 



X 


— <r 


x' — X 








J 


sin (a?' — a?) 




cos 07 cos or 


X — X 






1 


sin^zr . 
1' 



, . if we put X — X ^ z. 

cos (a? + 5f) cos XX 

1 
Hence, as in the former case, we have f {x) = — =— 

cos X 

And if /(a?) = cot a?, 

f(^')'fM ^ ^ sin (g?^ - a?) 

iv' — tj? sin tt?' sin x x — tV 



and therefore f{x) = : 



sm* X 



3—2 
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This rule ^^^^ ^^^ ™*^ ^^^^'^ ^ deduced from the preceding, 

deducible as foUowS : 

from the 

preceding. .^ /.• x Sin cT , 

If f(w) = tan or = then by Rule IV. Cor. and bv 

cos W "^ •' 



Rule VIII, 



j^ . ^ cos 0? cos a — sin a? (— cos ai) 



cos* tT cos'' «r 



J T -r/- \ X COSO? 

anci It / (a?) =« cot a? = -; , 

sm w 

^, w • V ~ sin a? sin a? — cos or cos .r 
then 7 (or) = 



sin'' a sin* .r " 

/W-t-r 68. // f(x).«n-»x, then r(x)«— =L=, a^irf i/ 

oi cos-»i. V 1 — X^ 

f(x) = co*-^x, then f'(x) =» 

Vl - X* 

For if /(ct) « sin-\r, and therefore x = sin/(a?), we have 
.r' — ,r sin/(iv') — sin /(a?) 



2cosffiI±^>sin^?:<fl>zZ(f) 



« 



cos I/Ct) + «} ' sin X ' 
if we put •'-^-^^ — =1-^ B z. 

Now ar'eo? when x^O; hence, by Lemmas II. and X. 
we have 

cos/(a?) Y^i _ .^ 
And similarly, we may shew that if /(.r) « cos~' a?, 

V 1 — .t' 
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69. // f(x)«/a»-'x, then r(x) « — i— and if^^l^^"^- 

or cot-* X. 

f (x) « cot'^ofy then fVx) =« . 

^ ^ 1 + x* 

For if /(a?) -tan- > Of, 

/(*')-/Cr) /(a?')-/(^) 



Of' — a; tanf(a/) — tan/(j?) 



cos/(.»') cosf(x) . — 



sin {/(*') -/(a;) } 

= COS {/(a?) + «} cos/(,r) .-: , 

if we put /(a?') -/(a?) = «. 
Hence, as before, 

/'(.r) = cos*/ (a?) « , since tan/(ar) b ar. 

1 + tir 

And similarly, we may shew that if /(a?) = cot"* (j?). 

We have proved Rules VII, X, XI, directly, but they 
may be deduced very simply from Rules VI, VIII, IX, by 
means of the following Rule, as we shall shew. 

70. If we are given x * (y), in which case y will be Rule XII. 

some function of x, f (x) suppose; then f(x)«» -7; — . y^^/Wto 

For then ^ ^ ^^ ^ ^ ^ « ^. T, ^^. , , 

.r -0? 0(y)-0(y) 

y -y 

Now, by Lemma VIII, the limiting value of the second 
member of this equation when y approaches y is , , and 
a^x when y'ssy; hence, by Lemma II, 
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I^"!^ VII. yi. This Rule is of great use in finding the derivatives 
duced from of inverse functions, and by means of it may deduce Rules VII, 
VIILIX*. X, XI, from Rules VI, VIII, IX, respectively, as follows: 

by means of -r^ i 

Rule XII. If X = log^y = <p\y) suppose, then y = «* «/(<r) sup- 

pose; and therefore, since 

we have /'(a?) = loga.y = log a a"" \ which is Rule VII. 

If w = sin y «= (p(y) suppose, then y = sin"\r =f(,T) sup- 
pose; and therefore, since 

/'(^) « JtVt = — - , by Rule VIII, 

•^ (y) cosy -^ 

we have y"(.x)=s , since cosy « v/l ~ a^ ; which is 

Rule X. 

If a? =5 tan y = <p(y) suppose, then y s= tan" * jc = /C^) 
suppose; and we have therefore 

f'(tv) g , =cos^y, by Rule IX. which = ~, since 

(y) 1 + *^ 

tanya^r; which is Rule XI. 

Rule XII. 72« VVe may also by this Rule obtain the following 

IScctse^of derivatives which it is sometimes useful to remember. 



fcec~* X 
vers"* T. 



If a? = sec y = <l>(y)y then y = sec"* »r =/(«^)> and we have 
therefore 

1 cos'' t/ 1 

/'(or) = —■ = -r-^ , by Cor. Rule VIII. = 



(p\a!) sin y .^ ^ar" - 1 ' 



1 

smce cos y ■= - 



Hencey if f (x) ^ sec"^ x, f'(x) « 



X y/\' - 1 



Again, if .r « vers y = ipiy)^ then y = vers"^«f =/(.r), 
and we have therefore 
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f\iv) = -; — = — . — , by Rule VIII, since versy = l-cosy 

0(y) siny 

1 

, since cos y «= 1 — a*. 



\/2.r - »!?• 



Hencey if f(x) = vera"^ x, f (x) « - rr . 

\/2 X - x' 

73. 7/* u;g are gtt;e?i /f£?o relations between x anc/ y by RuleXlll. 
the intervention of a third variable v in the form ^^^^^^ 

and thence 

y = 0(v), and v = >/,(x), InlflX 

in which case y will be some function of x, f(x) suppose; 
then f'(x) = 0'(v)>//'(x). 

For then we have 

fix') -f(.v) ^ <p(v')-<p(v) yfr (:»')- yj^JT) 

Now, since 1?' « u when a?' = a?, the limiting value of 
— — ; — ^- when ai' approaches x, is the same (by Lem. II.) 

as that of -^- ; — -'- — when v approaches w, which e </>'(«) ; 

hence, by Lem. VIII, the limiting value of the second member 
of this equation, when w approaches a?, is fp! (y) y^/ {x) \ and 
therefore f{x) « (f> {v) ^/(x). 

74. In the same manner we may shew, that if y « 0(v), Cor. 

f) = >\f(u)y u = ^(a?), and therefore y some function of a*, be*r^of""* 
f{x) suppose; then f\x) « 0' (<?)>/''(«*) x'(*)- ^"^^ * simi- ^anables 
lar result if any number of variables intervene between between 

_j V and .T. 

y and x, ^ 

For as before we have 

/(O -fi^) 0(O"-0OO >//(m) - >//(^) xOO- xO^) . 

= > . / • -, « 

X — X V — V U — U X " X 

and .-. f'(x) =0'(«).>/^'(«^).x'(*)- 
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Examples *J5. This Rulc is of great use in finding the derivatives 

ofthisRuie. o{ complex functions, as the following examples will shew. 

Let /(j?) « <p(c + tv), put £? + A' « w = >/^Ci*)» 

and .-. y^' {.v) = 1 ; 
then /'(.r) « 0'(w) = 0'(c + .r). 

Hence the derivative of 0(c-f it?) is 0'(c + a?). Thus 
the derivatives of (c + ct)", log (c + .r), c*^^% sin (c + a?), &c., 

arc respectively, n(c+a?)""*, , c*^+', cos(c + cr), &c., 

by Rules V, VI, VII, VIII. 

Let /(ii?) = 0(c»^)> pwt cor = V « ^(^)» ^"^ •'• ^/'O^) = Cy 
then /'(j?) = 0'(^)<? = c<p'(cx). 

Hence the derivative of <f>(cx) is c<p>{cx). Thus the 

derivatives of c*^', tan"^~, sin"*-, are respectively 

c c 

Let fQv) = (<«-), put cv" = t? = >|/(a»), 

and .-. >//'(a7) =» wa?»-» (Rule V.), 
then f{a) = ^'(w) naf"-^ = « ^'C^*) *^" '• 
Hence the derivative of ^ (*•"), is n0'(<r") a*""*. 

Let y(v) = c*'? put V *=: e' sz \f/ (,p), 

and .-. /(a?) = c" = (v) ; 
then /(.r) = (j>\v) yff'(x) = e«'c' (Rule VII.) = ^\ e' = e*+^. 

Let /(^) = «*■*■*', put t> = .r + e' — >p^ (cv), 

and .-. /Or) = e** = (v) ; 
then /OO « ^X*?) ^/''C^) - ^•'(1 + eO (Rules VII, IIL) 

= e*'(l + cO. 
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Let /(^) « log>//(j?), put V a ^/^C^)* 

and /. /(tf)  log» e ^ (v) ; 

then /'(^) = ^'(«),/,'(a.).l^» = .t^>. 
(For more Examples see Appendix B.) 

76. The derivative of a complicated product may often 'RM\t\\W. 
he conveniently found by taking its logarithm jirst. nvc of a^** 

comphca- 

Let / (.r) - { (*) } - . { >/, (or) } • . { X Cr) } ' . . . {J^ P-^-' 

loga- 

then log/(ir) = m log (a?) + n log >|/ (a?) + p log j^ (.r) . . . rithims. 
hence, taking the derivative by Rules XIII, III, and II, 

/(.r) 0(cr) >/.(.t) xC-^) 

which gives /'C^) very readily, as the following example 
will shew. 

Let / Ol?) = e V » Example. 

1 — tT 

then log/(jp) = ar + ^log (1 + cv) - i log (1 - a?) ; 
/(.v) ^ VI + or 1-0?/ 1 - cT^ 1 - cT* 

•^ ^ ^ ^ 1 - ct? 1 - cT* 



^ . V sin .r . \/ 1 — iir* 
Let f(af) » 



.r* 



then log/Or) - log sin a? + -^ log (l - »r') - 2 log a? ; 

f(w) -,r 2 2 -cr* 

.-. ''-jrj-T = cot 0? + - - = coto? ~ ; 

/(»r) 1-0?' iV 0? (1 - .r') 

^^.. sin .r \/l - ,17* f 2 - of^ ] 
•'• / 0^) * i ^cot a- - — —>. 
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Let f{^v) = it?*; then log/ (a?) = .flog.r, 
and therefore we have 

-— - = logci? + Of.-; 
.*. f {x) = <t'(log.r +1). 



ft 77' * To these Rules we must add two more, wliich 
will be found of great use in many cases, and important here- 
after, when we come to consider more than one independant 
variable. But we must first explain a certain notation which 
we shall make use of. 

Taiiial dc- jf f((vy) be any function of two variables »r and f/, wc 

llVSltlVCS' ^ \ m7 f ^ tJ * 

what. J he shall assume f'(^yy) to denote the limiting value of 
<t.'Uy)^u6. r{^^y)-J{'ry) ^j^^^ ^, approaches .r. It is evident that 

this limiting value is the derived function of f(pcy)y taken 
on the supposition that y is constant and x alone variable. 
It is called the Partial Derivative of f{a;y) with respect to x. 

In the same manner we shall take /'(^y) to denote the 

f \X fy ^ ~~ /* Cx ^i\ 
limiting value of ^ — -, — ~ ^ , when y approaches y ; 

y - y 

i. e. the Partial Derivative of f(xy) with respect to y, or the 
derivative taken on the supposition that y alone is variable. 

Examples. rj^-j^^g j^ /Cvf/) = x^ + <ry + y\ then 

/'(.It/) = 2.t? + y, and /'(^'y) = y + 2a\ 
Again, if /Cry) = x sin y + ye', 

/' (.ry) = sin y H- ye^^ and f'(^2f) = a? cosy + e*. 

Thus by dashing the functional letter we denote a de- 
rivative of a function of two variables, and by a dot under 
one of the variables we signify that that variable alone is 
supposed to vary. 

Thisnoia- j^ usinff this notation we do not necessarily assume 

tion docs , ,o •{ 

not nt-ces- that y is independant of x ; for whether y be indepcnd- 

sardy re- 

nuiie that i» The Articles ni.ukcd thus f f may be omitted till they nrc retcned to, at least 

on H hrst ))enisal 
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ant of cT or not, we may always put .v' in place of .v ifV"^A» 
we please, and so find fOcy\y and thence' -. -; ant of each 

,T — tV Other. 

and then, by the previous Rules, we may determine tfie 
limiting value of this quantity when iV approaches .r. And 
the same may be said of /'(^y). The following is the Rule 
for which it is necessary to make use of this notation or 
something equivalent to it. 

-f-f^Q, If we are given a relation between y and Rule XV. 
two other variables u and v which are functions of x ; 
u e. if 

y = 0(uv), u = x//(x), v = ;^(x), 

in which case y will be some function of x, f (x) suppose; 
then 

f ' (X) = <p: (u V) y\,' (X) + if/ (u V) x' (x). 

T7 /(«' W"C^) _ <t> («'"') - 0(m«) 0(ko')-^(««) 

(f>(tiv)'-(p(uv') (l>{uv) ''Cf>{uv) \// (.r') — >// (.r) 

and — — — -f ^ -, "• j  

a* — 0? u " u iP — io 

(j) (uv) " (f)(uv) (uv') — (l>(uv) ^ (.v') — ^ (.r) 
it?' — a? v' — tJ d?' — <v 

Now when a?' approaches .r, the limiting values of 

>// (j?') - >// Qr) <p{uv) -(pjuv) X C'^') - X (''^) 

; , ; , ana ; , 

tV — X * V — V JC — X 

are respectively y\/ {x)j (f> (uy)^ and x'(^). Also since v 

becomes v when ii?' « a?, the limitini^ value of — j—^ 

u - u 

** If we suppose for a moment that v' is not xi*') ^"^ some constant, then 
</»'(«»') is the limiting value of *^ l—JEA / when a** nppioachcs x there- 
fore ^^-^ iZ-5^S — '~«^'(ttt;') may be diminished ad Ixbttum by sufficiently 

diminishing x' ^x\ and this is evidently true whatever be the value of v'; there- 
fore it must be true if we suppose v' to vary m any manner while we diminish 
.v'"-*; it IS therefore true if u' = xO^')» *"d therefore by lieinma VI. Cor. 2, 

..V,. ... . -,^,x.. . ^ ih(u'v') — ti>(uv') 
fp (»<«), which IS the limiting value of »/> (uv ), is also that of -^-^ - _ , 

supposing r' = X (•«•')• 
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^ (b(uv) - d>(uv) . , 
is evidently the same thing as that of -^ -, '- , which 

is (j/ (uv). Hence we have 

/ (a) = <!>' {uv) ./.' Or) + <p'(uv) X C^)- 

Examples. Let (f) (uv) = U% 

then (f) (uv) = cm"-* and <p''(uv) = log u u*'' ; 
.-. /'(<r) = rw*"^ \//^' (a?) + log u M^'x' (^)* 

Suppose that u ^ w and v = •», and .•. ^'(jv) = 1 x'C^*)'^^ » 
then fi/v) = a?' + logo? or* = «»' (1 + log.r). 

Again^ let (f> (uv) = m* + «* — wv ; 

then <p'(uv) = 2u — v-(p\uv) «= 2« — w ; 

.-. /(a?) = (2t* - v) y\f\oe) + (2t7 - t*) x'C^)- 

Cor. If y s 0(t^t)M;) w being another function of a?, ^(a?), 

suppose then by putting /(oc) —/(a?) in the form 

{(p(uvtv') — 0(t<v'«;')| + \(f>(uvw') — 0(m !>«;')} 

+ {^(wtJtc;') — ^(wvM?)|. 

We may shew exactly as before, that 

f(x) « (f>(uvw) >//'(a?) + (p\uvw) x'Or) + <f>(uvw) ^(aO- 

This Rule we may evidently extend to the case where y is 
a function of any number of functions of x. 

Uule XVI. f f 79» If an equation he given between x and y, which 
of course makes y a function of \y we may find the deri- 
vative of y by means of Rule XV. 

For, let the given equation be 

(p(yx) = 0; 

in virtue of this equation y « some function of a?, \j/ (a) sup- 
pose; and ^(y'V)» by substituting for y this value, becomes 
also a function of a?, /(a*) suppose : then, by Bule XV, putting 
y for w, and v for a?, and therefore ;^'(af) = 1, we have 

f(^v)^<f>'(yx)yf,'(.v)^fb'(y^v). 
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Now,/(ct) = 0, and therefore by Rule I, /'(a7)=:0; there- 
fore we have 

0'(yaT)>/,'(.r)+0'(y.r)-O; 

Let the given equation be Example 

a?^ + y*- aay -^ 6 = 0, 

here, 0'(y^) « 2^ - a.v, <(>(yw)^^af-ay\ 

.-. if >/f (j?) = y, (2y - aw) \{/(ai) + So? - ay a ; 

or, >/. (a;) « - ? . 

2y - a.t? 



CHAPTER VI. 



THE DIFFERENTIAL NOTATION. 



80. We have hitherto adopted Lagrange'^s notation, 

f(x) —fix) 

/'(.r), to represent the limiting value of ^ when 

X — %c 

w approaches x ; this notation is often very convenient, and 

is perhaps more easily understood than any other, at least 

when the student enters upon this subject for the first time ; 

and this is the reason why we have used it in obtaining 

the preceding Rules. But there is a far more elegant and 

powerful notation, due to Leibnitz, called the differential 

notation, which we now proceed to explain ; not however for 

the purpose of abandoning the former notation, for we shall 

often make use of it, as it is preferable in certain cases to 

any other. 

'iheraiio g|^ jp the differential notation instead of representingr 

oflhesym -^ fx ^x v 

and dx the limiting ratio oi -, — - — - when x approaches «r, by a 

taken to X — X 

represent g^^gj^ quantity, such as f'{x), we represent it by the ratio of 
two arbitrary quantities denoted by the symbols df{x) and 
dxy which, for a reason we shall explain, are called the 
differentials of f{x) and x \ the letter d being simply an 
abbreviation of the words ^^differential of,'''' 

ff'^J/M" ^® define df{x) and dx as follows: 

df (x) and dx are two quantities whose ratio — r — - 

dx 

is equal to the limiting value of when x' ap- 

X — x 

proaches x. Or more simply; df (x) and d x are two quantities 

S7ich that — = — = f '(x). 

ox 



and di\ 
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In this definition, all that we say of df{a!) and die isOneoftbe 

this, ^^tkat they are in a certain ratio;'''' therefore they are 3/(a)» d*x 

arbitrary quantities, and we may give to either of them a^Sitmy 

any value we please^ constant or variable^ provided we 

dfCv) 
give to the other that value which makes — —^ ==/'(,r). 

a.r 

82. It may be asked respecting this notation, is there Objecuon 
not some degree of vagueness in representing a definite quan- notation 
tity /'(cr) by the ratio of two arbitrary quantities? ans^yeled. 

To this we may answer, that we often do the very same 

thing in common Algebra without any vagueness ; we often 

m 
say let — represent such and such a quantity, instead of 

let m represent such a quantity. Thus, suppose it required 

to divide a quantity a into two parts in a given ratio : we 

might proceed thus. Let m and n be any two quantities which 

are in the given ratio, and let ,v and y be the two parts, 

1 . X m 

then iV + y sz a^ and - « — ; 

y n 

(m \ na _ ma 

.-. I h 1 I y = a, or, f/ = ; and .-. .r = . 

\n J m + n m +n 

Or we might proceed thus, let m be the given ratio, then 

ti7 a ma 

- = 7W, (m+l)y = a; and .'. y = .r = 



y m + 1 m + 1 

It is evident that there is not the least degree of vagueness 

here in representing the given ratio by — , instead of simply 

n 

by m^, 

** The chief practical advantages we gain by representing /'(») by the ratio Advantage? 

df(x) of the 

 ' seem to me to be these. Wc may often suppose df(:t) or d* to have some notation 

^' df(x) 

value which will simplify our expressions (as will appear in changing the inde- ^^ • 

pendant variable hereafter.) The application of Rule XIII. to complex functions 

dfix) 
is very much facilitated by using the notation , . We may often advantage- 
ously preserve the symmetry of our expressions by using this notation. It is almost 
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Origin of 83. Again it may be asked, what is the reason of using 

^^ "j/Ji) the letter d before f(x) and a?, to represent the terms of the 
*'®" "TT ' ratio by which we denote f{x)? This question may be 
term^diffe^ answered by the following very brief account of the origin of 
ential. ^j^jg notation and of the term differential. 

/(«') -/(j?), and tp' — a? are the differences between cor- 
responding values of f{x) and ^, and they are often repre- 
sented by a 5 prefixed to f{ai) and j?, in this manner, viz. 
5/ (a?), Zx\ S being simply an abbreviation of the words 
** the difference between two values of^ 

Now, 5/'(.r) and Sjp become zero when 0?'= j*, and then 
their ratio -^-=;-^^ — ceases to be a definite quantity ; but so long 

as aV is not actually equal to a; the ratio — x — is a definite 

quantity. We may therefore conceive 5/(ir) and StV as small 
as we please though not actually zero, without rendering our 

conception of the ratio ^ at all vague or difficult : indeed 

it is just as easy to conceive that a definite ratio subsists be- 
tween Sf(iv) and SiT when they are in a state of extreme 
smallness as when they are of ordinary magnitude for our 
idea of a ratio is quite independent of the actual magnitude 
of the quantities composing it. 

The differences S/(^) and Siv when in a state of ex- 
treme smallness were called differentials by Leibnitz (i.e. 
minute differences), and the symbols df{x) and dn* were 
made use of by him to represent them ; d, like ^, being 
simply an abbreviation of the words ^^differential of J" 

In all calculations into which these differentials entered 
he supposed them to be what are called infinitesimals^ i.e. 
quantities so small, that they may without error be neg- 
lected compared with ordinary quantities, and on this sup- 

impossible to reprcBeni what are called total differentials without this notation. It is 
peculiarly adapted to the case of definite and multiple integrals in the Integral Cal- 
culus. And it is a verjr expressive notation, which makes it peculiarly convenient in 
mixed mathematics ; e g. m the case of the principle of >irtual velocities applied to 
an example 
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position he investigated rules for finding ^fijx) in all cases, 
and made various interesting applications of these rules. In 
this manner it was that the differential calculus came into 
existence. 

84. In order to explain more distinctly in what this Example of 
method of Liebnitz consists, we shall apply it to the example of Leibmu. 
given in {23). 

According to Leibnitz, we may conceive the triangle PQO 
(fig. 6) to become so extremely small, that the line PQ 
shall coincide in direction with the tangent at P ; in which 
case the sides of the triangle OPQ will become infinitesimal 
quantities; then OQ or /(«') -/(^) will be represented by 
df(w) and PO by dx*y and we shall have 

QO df(w) 



tan QPO or tan PTX 



Now let f(,v) « — 
•' ^ ^ 4fll 



PO dx 



then fiw') ^f{w) or df{ai) — ^^ -' 

(2^v + dof) dof 

4w 
putting X -^ dw for w\ 

Now, according to the supposition that differentials are 
to be neglected compared with ordinary quantities, we must 
consider itm + dx to be the same thing as 2^, and there- 
fore we have 

df(jB)w^—dw^ and .-. Xm PTX 



fim 2m' 



which is the same result we obtained before. 

85. Whether this is a strictly logical way of proceed- Where thk 
ing may be fairly questioned, though the conclusion arrived JJuity? ** 
at is true : for it is easy to see that the correctness of the ^uon 

1 . i. 1 . » , '^ny the 

result arises from the compensation of two errors, namely , result is 
the erroneous supposition that the line PQ is coincident with ^^"^^* 
the tangent at JP, wliich it never can be so long as the 

4 
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triangle POQ has any existence, and the erroneous suppo- 
sition that 2af-{-daf is ec^ual to S<v. 

We shall endeavour however to shew hereafter, by means 
of the principles already established, that this method of 
using differentials must always lead to correct results, cer- 
tain precautions being taken ; and this is important to shew, 
since this method is extensively used, and indeed must be 
used in many cases to avoid complexity. At present we shall 
say no more upon this subject, except just to remark, that 

df(x) 
this is the manner in which the notation — ; — has come 

dof 

to represent the limiting value of • j — when iv ap- 

j? — a? 

proaches w : for it is easy to see, by the example just given, 

df(af) 
that -^3^ — , simplified by neglecting the differentials dfi-v) 
dtV 

and dof compared with ordinary quantities, will always be the 

same thing as this limiting value. 

We adopt 86. It is important to observe here, that we adopt 

the notation f.., ^ 

df(v) dfCx) 

-^^and only the notation and the term Differential. We do 

the term " ^ 

JjJ®'®"^^' not define df{af) and dx to be what 5/ (a?) and 5tV become 
notion that when in a state of extreme smallness; all that we say is 
dx arem- this, that df(af) and dx are two quantities, be they small 
finitesitnals. ^j. large, whose ratio is equal to f {x)y i.e. the limiting value 

of -^4 — or ; — when x approaches x. 

OX X '-' X 

Geometri- 87* In the example just considered, if we produce PO 

aenSSon of to any point U and draw US perpendicular to PU to meet 
f^'Sn!^- SPT in Sx then 

and dx. 



-— -« tan PTS ^lim. val. of - ^ ^ ; -^ ^ ^ when x app. x, 
PU X ^ X 

hence SU and PU are the differentials of f{x) and d?, since 
they are two quantities whose ratio t=if(^x); we have there- 
fore SU « df(x), PU « dx. 
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88. Since and f{a) represent the same thing. How fU) 

^CO ctune to D6 

. called the 

we nave differential 

coefficient. 

^l^^f{ai), and .-. df(ai)~fix)dx, 

UcV 

/' (ai) is therefore the coefficient by which we must multiply 
the differential of x to obtain the differential of /{ai) ; on 
this account /^(j?) has acquired the name of ^^the diffbren- 

Hal coefficient^^ and it is in this way that ^ , which ^f{a)y 

has come by the same name. 

The obtaining of the relation between dy and da i^ 
called Differentiation. 

89. We may express the Rules Chap. V. in the differ- 2b^[^~„ 
ential notation by simply putting last chapter 

differential 

df{t9) d(p{ai) dy\f(a) noution. 

j^ > j„ > j^ > &c.... 
asB aw aoff 

for f\ai)y <f>(af)^ >/''(*)> &c. respectively, and multiplying 
up da. For the sake of neatness we shall put yy Uy Vy for 
f(a)y ff>(a)y yl/(ai)y respectively: and therefore dy, dw, dvy 
&c.... for f'(a)dwy <f}(ai)dwy yl/(a)da...hc. In this manner 
we have 

Rule I. It y ^ constant, then dy m o. 

Rule II. If y « cuy dy = cdu. 

Rule III. If y «tt-»-t)-»-fr..., dy^du + dv^dw... 

Rule IV. If y « «t>, dy = vdu + wdt?. 

M , vdu — iidt; 
Ify = -, dy = 5 . 

Rule V. If y « ^, dy «= naf^dw. 
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Rule VI. It y^ log jt, dy^—. 

X 

Rule VII. If y = a*, dy = log a.ardx. 

Rule VIII. If y » sin^, dy » coswdx. 

It y ^ cos dr, dy ^ ^ sin jpcIjp. 

Rule IX. If y « tan/r, rfy = — r— . 

cos'jp 

If y « cot x^ dy ^ r-r— • 

diV 



Rule X- If y = 8in"'ar, dy 



If y s COS'* *, dy = — 



Rule XI* If y B tan~' jr, dy 



dx 



If y — cot"* 07, dy ■» — 



1 +^ 
dx 



1 +.T* 



R«1«XII. 90. Rule XII. shews that if we obtain dx in terms of dy 

dy 
from the equation x»<p(y\ the value of --^ so obtained is the 

€mX 

proper value ; i. e. the same value that would be obtained if 
we found y in terms of x directly, and then differentiated. For 
by differentiating the equation x ^ ip (y) as it stands, we find 

dx « <t^'(y)dyf and .-. — - = -j— - . 

dx <p(y) 

Now itf(x) be the value of y found directly in terms of jr, we 

dy , 
have -T- ■/ (^) ; which is the same as the former value, since 
ax 
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/'(^) " TTT-T by Rule XII. Hence, whichever way we pro- 

ceed, the value of —— obtained is the same. 

dm 

91. Rule XIII. shews that if we find dy in terms of dv liulaXiii. 
from the equation y « 0(v)» and dv in terms of dm from the 
equation t; « ^(a), and so dy in terms of dm; the value of 

dy 

— thus found is the proper value; i. e. the same value that 

would be obtained if we found y in terms of w directly by 
eliminating Vy and then differentiated. For by differentiating 
the equations y » (pdo)^ v « ^(m), we obtain 

dp 
dy aa ^'{p)dvy dv « yj/(w)da9 and .•. — « 0'(<^)^'(^)' 

Now i{f{m) be the value of y found directly in terms of m, we 

dy , 
have — «/ {ai)y which is the same as the former value, since 

f'(*v)^<l>(v)\j/\m) by Rule XIII. Hence, whichever way wc 

dy . 
proceed, the value of -7— obtained is the same. 
*^ dm 

92. If we use the differential notation, this Rule does Rules XII 
not appear to want any proof; for it is stated in that oo-J^to^'* 
tation, as follows. If v be a function of v, and v a func- want no 

J , proof m the 

dtl dy dv , . . diflferential 

tion of J?, then -^ » . Now, since dv divides out in notation. 

dm dv dm Why 

the second member, this appears to be self-evident. But wel^g^^ey' 

dy , ^ ought to be 

must remember that the 3— in the first member is supposed to P'oved- 

dm 

be derived from y expressed directly in terms of m; whereas the 

— obtained from the second member, by dividing out dv^ is 
dm 

not derived from y in this manner; and though it is easy to 

see that the result is the same in both cases, yet it ought to be 

formally proved for the sake of exactness. 

The same may be said of the preceding Rule also. 



54 DIFFERENTIAL OF A FUNCTION 

For examples of the use of the differential notation, and of 
the Rules for differentiation in general, see Appendix (C). 

Rule XV. Il 93. To express Rule XV. in the differential notation, 

we shall assume djf to denote the differential coefficient of 
y on the supposition that v is constant and u alone variable, 
and d^y to denote the differential coefficient of y on the sup- 
position that u is constant and v alone variable; then we 
have 

and /'(a?)*—-, and therefore 

d<v 

dy _ du , dv 
a Of aiv ax 

or dy = d^y du + d^y dv. 

Hence Rule XV. may be stated thus. 

If ^ be a function of two other functions of a? u and 
Vy then 

^y - d^ydu-^ d^ydvy 

d^ydu and d^ydv may be called the partial differentials of 
5*f flTnc-** y with respect to u and v respectively. Hence the differential 
tion equal of y is equal to the sum of its partial differentials with re- 
in p^TUtA ^P^ct to u and v respectively. 

dif!ei 



ter- 
entials. 



More generally, if y be a function of any number of func- 
tions of A', viz. Uy V, w..., we have by Cor. to Rule XV. 

^y ^ d^ydu + d^ydv + d^ydw 



The man- |+ 94. Suppose that y is a function of u. v, to,.*, where 

Qfir Iff! 9 9 9 

which we w, 1), w,.-. are variables to which we may assign any values 
mlceptiiSr ^® P^®*«® independently of each other ; then we may suppose 
?erential of ^^ ^* *^'*" '^ ^® ^"^ arbitrary functions of a new variable .r; 
a function for by altering the nature of these functions we may make 
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UyV^tVf... vary in any manner we please when jp varies, and of seveiai 
so receive any arbitrary values : in fact a function of u^ o, ti;, ant'ylnu- 
... where UyVytVy... are any arbitrary functions of zp, is just **^^*' 
the same thing as a function of u^VyWy,.. where u, v, fi^,... 
are any arbitrary quantities. The advantage of looking upon 
u, Vy Wy,.. as arbitrary functions of x^ instead of mere arbi- 
trary quantities, is this, that we thereby arrive very simply at 
the conception of the differential of a function of several in- 
dependant variables: for, if y be a function of the independant 
variables t<, t?, u^,..., we may, if we choose, consider UyV^Wy 
... to be arbitrary functions of a new variable a?, and then 
by the result of the previous article we have 

^y *= d^ydu + d^ydv + d^ydw + 



Thita if y he a function of several independant variablesy 
the differential of y, regarded in this manner ^ is the sum of 
the partial differentials of y with respect to each of the 
variables. 

What the quantities du, dv, dw,., are depends upon what 
functions we suppose UyVyto ... to be of ^, and what value we 
give to da!\ if we suppose u ^ <p(ai)y « « >^(^), m? = ^(tr), <''*»<' M«». 
then du « <pf'{/^) d,v, dv = '^'(^) dwy dw = x'('^) ^^ ••• » ^^^ i»uppo!ied 
hence since ^> >/^» x ^^y ^^ ^"7 fu^^ctions whatever, and c^»'«? Imry con-" 
any quantity, it is clear that du, dv^ dw ... may have any »**"*»• 
values whatever we please to give them. We shall in general 
suppose that u^Ax^ v^Bxy w^Cw... where AyB^C... 
are any arbitrary constants, and that dor is constant ; and 
then duy dVy dw ... will be arbitrary constants. 

We shall therefore assume that if y be a function of l^efinmon 
several independant variables u^ v, w ... then the differential ferential of 
of y, which we shall denote by dy, is equal to the cxpres- j/^veraf 

sion independ- 

ant van- 

d^y .du + d^y . dv '\' d^y . dw ... ables. 

where duy dvy dwy &c. ar.e in general any arbitrary constants; 
but may also receive any variable values we please to give 
them. 

This assumption is really our definition of a differential 
of several independant variables ; which definition the pecu- 



hmr t^rm a«so«Dexi bv tbe diilereDtJjl of a fanctkai of srvend 
d^^pen4ani irajri^(>U» **^EP'^^ to us in the ■taoBer «e hare 

<li^ti;^^ rfy Kere i% <AUfU called tbe To/^i/ Dijerential of f , in coo- 
wusii. ' Ur»dihiifi€iiuo to t\yt partial differentials djfdu, d^fdv^ &c. 

then rf^5f » 3 (u* — «?»), 

d^5f « 3 (tcr* - ttu) ; 
and /* rfy « 3 {(a*— r«^) rfw + (©* — uw) dv + (w'— a©) d«y}- 
I>et y • i^**', 
then dy « t^*''*'' {vwdu + «logti(oda9 -^wdv)}* 

HuUiWh f f 95« Rule XVL is thus expressed in the differential 
notation* 

If CT be a function of a and y^ and we put U^O^ then 

d^U . dof -¥ dy U- dy = 0, 

dy 
from which equation we immediately get — - 

KiAmpU, Let the given equation be 

(7 B sin J7 sin y - /i?y « 0, 

here d^U ^ (cos ^ sin y - y), d^U ^ (sin .v cos y - a*) ; 

.•. (cos /r sin y - y) d.v + (sin cv cos y - ^) rfy = 0, 

d y cos 07 sin y -- y 

and ,•.—-' CB : . 

d*v sm «t? cos y — «r 



CHAPTER VII. 

SUOCSSSrVB DBRIVATIVBS OR DIFFERENTIALS. CHANGE OF THE 

INDEPENDANT VARIABLE. 



96. In the same manner that we obtain the derivative 
/'(js) of any function f(jxi)^ so we may obtain the derivative 
of f\ai)y and again the derivative of that derivative, and so 
on. Thus if fijc) = a?", f\ai) = na?""**, and the derivative of 
this is n(n — l)ar"-*; again the derivative of «(w-l)ar'''* 
is n (n — 1) (n — 2) jt*"^, and so we may go on. 

The derivative of f\fe) is called the Second Derivative of I'hc n*^de- 
/(.r), and is denoted by/'(*t?); the derivative of/*(*i?) is differeniial 
called the Third Derivative of /(a'), and is denoted by /^(a?), ^'|Jat*'**wi 
and so on ; and in general f^iai) denotes the represent it 

deriv. of [the deriv. of {the deriv. ...(to n deriV8.)}J of /(^), 

/"(a;) is also called the n*** differential coefficient of /(.t). 

d ti 
97- If we put /(a?) » y^ and therefore /'(a?) = -~ , then y*(x) b re- 



d*V 'printed 

rf"y 



d y\ by 



what hypo 
thesis. 

Now we have seen in (80) that we may give to one of the 
quantities dy or dx any value we please, variable or constant ; 
let us suppose dof a constant, then by Rule II, 

d (-—) = — -^, and we have therefore fUw) = —^, 
\dw) dx -^ ^ ^ dx^ 

di^\ 

Agam fHa) = "^^^ = — -— = — --f , 
® -^ ^ ^ rfa? rfj? rf.i?* 

as before, and so on, and in general 
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_ , ddd...(ta n d^t>)m 

^Vo aroid the rq^etition of d^s we represent d repeated n 
times hy <{% and thus we have 

d'p 

For examples of finding successive differential coefficients, 
see Appendix (D). 

KxpreiMoo 98. We have supposed rfjr constant for the sake of sim- 

¥/\uindx plicity ; if we do not make this supposition, then we have 

i% noi fcup* 

a^ aa* ax 

which are the expressions for the successive derivatives of 
y considered as a function of w^ whatever be the values of 
dm and dy. If we perform the differentiations, and put d* for 
dd^ d^ for ddd^ &c., &c., we have 

'dy\ d^ydw — dyd^w ^ ^«^„x d*ydx - dyd^x 



' O 



(dy\ d'ydx^dyd'a: 

tej- -d^ ,and...r(a;) = 



dfiv) 



n^)- 



dx^ 

(d^y d.v - dy d^w) dijfi - (d*yd.v - dy d \v) Sda^ d^x 

d^^ ~ 

(cF*V d^ " dy ^•^) dx — 3 (d*y dx - dy cPx) d\v 

d^^ ' 



and ho we may go on. The expressions however become ex- 
tremely complicated. 

In these expressions, if we suppose rftP constant, we have 

d'x as 0) (T.v s 0, &c. ... and therefore 

d^V d^v 
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which are of course the same expressions as in the preceding 
article. 

If we suppose dy constant, we have €py » o, d^y » o, 
and therefore 

dyd^w dy \d\cda ;^3(d'a;y} 
>^(^)---d^' /'(^)» d^ 

and so on. 

99* That variable whose differential is supposed to be Independ- 
constant is called the independant variable; thus when we put ablV,'what. 

d^y 
/*(^)b— -, J? is the independant variable; when we put 
dor 

dyd^*v 
f^(jv) = , y is the independant variable; and when 

dJr 

d^y dtV — dy d^w 
we put /^(ci7)= -— , neither a nor y is the in- 

dependant variable. 

d^y 

100. It is important to remember that -- — represents What <i"v 

CttW" represents 

/"(a?), (mly on the supposition that sc is the independant u^n"what 
variable, and therefore, though we may always put d^y — wecoiwidci 
f^{ai)da^ when iv is supposed to be the independant variable, mdepend- 
we may not do so if this be not supposed. d"y, therefore, able!'^" 
does not always represent the same quantity ; what it repre- 
sents depends upon what quantity is considered the inde- 
pendant variable. 

Thus suppose y = <r*, then dy ^ ^xdx^ and d^y'=^2d/ti^f if Example. 
dof be constant. But suppose that w b s^^ and .*. y = x* ; 
then dy « ^z^dXy d^y ^ i2»^dz*y if dz be constant ; now since 
/vss a^y dw^ 2zdZy and .*. IQz^dz'^ = Sdj^y and .•. d*y = Sdjp^. 
Hence, when /v is supposed the independant variable, d*y » 
2 daf*9 and when z or .t^ is supposed the independant variable, 
d^y^Sdai^i from which it is clear that d^y does not mean the 
same thing when w is the independant variable, and when a^ is. 

101. It is often necessary to change the independant 
variable in an expression containing differentials; this we may 
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Chanseof easily do by remembering always, 1st, that the independant 
pendant variable is that variable whose differential is constant ; Sndly, 

variable; j d^tt /ft/ 

how effect- jij^^ __l^ ^^ represent the successive derivatives 

^' da/ diff^ dx^ ^ 

of y considered as a function of «, on the express condition 

that dx is a constant; and Srdly, that these derivatives, 

whatever be the independant variable, are represented by 




dy \dic) — ^ ^ . , 

-7—, — , , ; ...&c. &c.... respectively. 

dso dcD dx 

Hence, if we have any expression involving 

dy d^y d'^y 



dx dx^ dOf 



... &c. 



where these quantities are supposed to represent the successive 
derivatives of y considered as a function of Xy on which sup- 
position X must necessarily be the independant variable : then 
since 



dy 



-ii) 




• • • UCCa 



dx dx 

represent the same derivatives, we may put these instead of 

dy d^y d^y . . , 

d^' d^' -j;;:.-&<=>-e8pectively; 

and then we may suppose any quantity we please to be the 
independant variable, since the substituted expressions repre- 
sent the successive derivatives of y^ whatever be the inde- 
pendant variable. If the expression involve dx^ dy^ d^y^ d^y, 
&c. but not in the precise forms 

dy d^y d^y ^^ 
dx ' rf.T* ^ dx"* * 
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then we substitute in this manner 



rfV 



d 



\dx) 



d(j^ dx 

which we put for d^y^ 

dy 



' --'''y-^^'^i)^ 



d'y 



m 



rf._.zz:., id-'^y 



.'. d^y » da,*d 



\daf) 



dof dw I da 

m 

which put for d^y^ and so on. 

In this manner we may change the independant variable in 
any expression. The following examples will make this clear. 

102. In the expression Examplf. 

d*y Of dy y 



— ^ — — -■■ 

dai^ 1 — 57* dx 1 — ^ 



u. 



where x is the independant variable, to make the independant 
variable, cos being equal to x. 

Making the necessary substitutions for -^, -rKy we have 

dx dor 



X dy 



dx 1 -- x^ dx 1 - a?* * 

In this expression we are at liberty to assume any quantity 
we please to be the independant variable ; let us suppose there- 
fore that is, and then we have 



 <%)- 



dx d0 sin ' 

d^y sin - dy cos 0d0 



d0^in^0 
since d0 is now constant. • 
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Hence J^[g^ , ^Vsing - J^y cosgdg ^ ^ ^ 

CO dy cos d dy 
1 -^ rf^ "" 8in*0 dd sin d ' 



Hence m = ( — ^ + v | L- 

in which expression 9 is supposed to be the independant 
variable. 

Ex"X"e. 103. Given the expression 

in which a is the independant variable; to find what it be- 
comes when y is the independant variable. 

^« ^ (Pi 
Here put ^= '^^^^ -nd • d*«-d.A(^y\ 



y_ [ da ) 



also put — - 

d^^ dw 




and .-. d^y^da*d 
and then we have 

\ dy' [da>) 'jd^'^id^)- 

In this expression we are at liberty to assume any auantitv 
we please to be the independant variable, let us therefr" ^^ 
pose that y is, and then we have ^ 
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(dy\ dyd^m 
d l-j— j ~ Jw»^* since dy is now constant; 



\ \dxl ) /d^of Sd^wd'W\ 



drof . ,^ cPar d\T (d^r)» 



Hence u = I S-— — - + 1 -r— r- -h 

V a^ay / dxdy 



dadft dai'dy 



+ 



d^x dy fd^x d^x\ 
Ixdy^ dx \dy^ dy^l * 



dxdy di 

in which expression y is the independant variable. 
(For other examples see Appendix E). 

The following articles have reference to the successive 
differentiation of functions of several variables. 

-f-'l' 104. Suppose that y is some function of u and i^, Succemve 
u and V being functions of x ; then by Rule XV. uon S""***' 

{(ttt>), uv 

^ *^ »:f » tiOMofx. 

therefore differentiating again 

cPy « d{d^ydu) + d(d^ydv). 

Now d (d^ydu) « d (d^y) .du -^ d^y . d^u 

— {rf. (d^y) .du^ d^ (d^y) ^dv} du + d^yd^Uy by Rule XV. 

hence assuming d^y to denote d^d^y^ we have 

d{d^ydu) ^dty ,du* + d^d^y.dudv + d^yd^u ... (l); 

and similarly we have 

d (d^ydv) = cCy . dv* + d^d^y . dudv + d^yd^v ... (^) ; 

and adding (l) and ('2), we obtain an expression for d^y. 
This expression becomes somewhat simplified by means of the 
following article. 



64 ORDKR OF PARTIAL DIFFERKWTIATIOK IKDIFFEIIKIIT. 

Proportion 4+ 106. To shew thai d^d^y « d^d^y. 

c rf.i/.y. j^^^ y = <p {uv) ; then, by the definition of a partial deri- 

vative, if we put 

ILl i r d^y^ ^ (u v)y 

U " u 

yf/ (uv) may be diminished ad libitum by sufficiently dimin- 
ishing u - tt, without altering v ; and this is true for all 

values of t>: hence we may evidently diminish -, 

ad libitum^ by sufficiently diminishing w' — t* without altering 
V or V \ and this is true for all values of v and v (except 
of course v actually « «). Hence, since we may make 

^^ ; — -^--^ — - differ as little as we please from d^ylf{uv) 

tJ — « 

by taking v' --v small enough, it clearly must be possible to 

diminish d^ yf/ {uv) ad libitumy by sufficiently diminishing 

u — u ; but 

d^^(uv) = —^ r-2 d^d^y; 

hence, by Lemma VI, Cor. 2, d^d^y must be the limiting 

1 1. d^<b (u v) " d„(b (uv) ,  
alue of — ^—^ ^-^ when u approaches u\ but. 



V 



by the definition of a partial derivative, this limiting value is 
represented by d^\d^<l>{uv)\^ or d^d^y. Hence we have 

dud^y « d^d^y. 

It appears therefore that whenever we have d^d^ written 
before any expression, we may write d^d^ instead of it, and 
vice versa: i.e. the order in which we perform partial dif- 
ferentiations is indifferent. 

Cor. ^ 106. Differentiating the result d^d^y = d^d^y with re- 

-ij.-'ji-.y. spect to t/, we have 

dP^d^y ^ d^d^d^y = d^dly^ putting d^d^ for d^d^\ 

and differentiating this result, d^d^y ^ d^d^dty ^ d^dly simi- 
larly, and so on, and in general 
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It appears therefore that whenever we have d!ld„ written 
before any expression, we may write d^cC instead of it, and 
vice versd. 

Differentiating the result d^dl^y » d^d^y with respect to 
Vf we have 

dlifdiy - d^dZd^y » circS^, putting dZd^ instead of c(«<C> 
and again f^dHy xx. d^tC^y '^ dZ(^y similarly, 
and so on, and in general 

d^d^y « d^dly. 

It appears therefore that whenever we have dfc^lT written 
before any expression, we may write d^di instead of it. 

(Another proof of this result will be given when we come 
to speak of series in Chapter IX.) 

This result shews that when we successively differentiate 
an expression with respect to different variables, it is no matter 
in what order these differentiations are performed. 

-fj* 107. We shall now return to (104). 8ucce8siv« 

differentia- 

d^y is found by adding (l) and (2); hence, from whaty??JJ°J 
has been just proved, we have 

d^y^dly.du^ + 2d^d„y.dudf) -^(Ry.dv* + d^y^d^u + d^y.d^v. 

If we differentiate this result again in a similar manner, 
we obtain 

dPyrst Jl^y,du^ + Sd\d^y,du^dv + Sd!ldj,y.dudv^ + c^y.rft?', 

S diy . ducPu + 3 d^dy,y . (dPudv + ducPv) + 3 diy . dvd^v 

+ d^y . d^u + d^y . dv^ ; 

and so we may find d^y, &c. ; but the results become ex- 
tremely complicated, and we shall not put them down. 

Let y SB M* + V* + UVy Example. 

then d^y = 2m + t>, dly « 2, d„y = 2» + w, dly = 2, 
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dnd^y^ 1 ; and therefore we have 
cPy «2dtt* + ^dudv 4 2d»*+ (2u + v)^w + (2tJ + u)d^v. 
Again djy^o, d^y-O, <Cd»y-0, d.d;y = 0; 

and therefore we have 

dPy = 9(2du d'^w + cPtt dt^ + dv d?u + 2dt? cPt>) 

+ (2tt + f>) d^u + (2» + tt) cP©, 

and so we may find d^y^ &c. 

The method here given of finding the successive differen- 
tials of a function of several variables is useful only for 
general purposes. In particular cases we may always find 
the successive differentials more readily by the common rules 
of differentiation. (See Appendix F where examples of this 
are given). 

Saccewive -j"!- 108. If (7 be a function of x and y, and we put 

tionofan U ^ Oy then we have by Rule XVI. 

equation 

and differentiating as in (107) we have, supposing dm constant, 
df^U .da^ ^^d^djfU .dwdy -¥ dlU .d^ + dyU.d?y ^Oy 

and so we may go on, and by this means find ^, % ^ 

d%v dar d/r* 

. . . &c. from the equation U ^0. 

Ex. Let .r* — Sawy + y' = £/ « 0, 
then d^U'^Sa^-^Sayy d^U^Gwy dyU^Sy^^SaXy 
d^U'^6yy dgdyU^ -^Sai we have therefore 

(.r* - ay) die + (y* — aai)dy^ (1) 

"Kedi^ " 2adafdy + 2ydy^ + (y* -a*r)d*y = 0...(2), 

^ ^ V dy iX^ -^ ap 

from (1 • we get -p- = , 

. V dof y* — aw 
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and then from (2) 

07* - ay (o7* — avY ^ ^ . d'y 

y* -- aof (y* — aor)* oflr 

cPy d^y 

which gives -7-=; and so we may find 3—1, &c. 

oflr dor 

(See Appendix F.) 

nl09. If y be a function of u and v, u and « beins Successive 
independant variables, then supposing du and <fv constant (seetionof* 
94), we have, as in (107) 'i^^ef 

pendant 
dy » c(«y . dtA + d^y . dv^ vanables. 

d^y s dly . dti* + 2c{.c(py .dudv + dly . e(t>*, 

<Py "» <Cy • c'*^' + Sdld^y . <{u' dv + Sd^^y . efti cl<7* + diy . c{o% 
&c &c 

We perceive that the coefficients of the terms in the second 
members of these equations are respectively those in the ex- 
pansions of 1 + «, (l +«*), (l +«)'... 

Let 1, Af B^ C .,. be the coefficients in the expansion 
of (l + i^)% and let us assume that 

rf"y=<Cy.d«*"+^^"'d»y.^«**"'<^t'+*d"-«€5y.dtt"-*df?«+... 

then €l*+*y « d,(d"y) . du + d^(d'y) • dv 

= cC+'y . dtt"+' + -rfcCd^y . du^'dv + BcC djy . du'^'^dv* + ,.. 



+ 1 



+ ui^ + •.. 



Now 1, ^ + 1) B + Jj &C. we know to be the coefficients 
in (1 + «)"'*'' expanded : hence it appears that if the law we 
have assumed be true for n it is true also for n + 1 ; but 
we know it to be true for 1, 2, S; therefore it is true in 
general. We have therefore 

d'ydZy'du'-^ - d|I"'d,y .rftt"-'rft> 

5—2 
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Symbolical -j-j-llO. This result may be briefly expressed thus, 

^°' ^^' dry - (d. .du-^d^, dv)\y. 

By which formula, we do not mean that d^.du and d^ . dv 
are actually quantities whose sum is raised to the n^ power 
and multiplied into y; but simply this, that if the symbols 
d^.du and d^.dv be connected together by the sign +> and 
raised to the n}^ power in the same manner as if they were 
ordinary quantities, and if 5^ be written after each term of 
the result; then the expression so obtained is the proper 
expression for d'y. 

Expmsion -{-j-lll. We may prove in the same manner that if y 

wheny'uabe a function of several independant variables u^ v, tr...&c., 
1°™ Sr.S' then 

vauableA. 



CHAPTER VIII. 



CERTAIN LRMMA8 UPON WHICH THB APPLICATION OF THE 
DIFFBRBNTIAL CALCULUS IN MANY CASES DEPENDS. 



112. Having now concluded what may be considered 
the first part of the differential calculus, namely that in which 
we determine a set of rules whereby differentiation may be 
performed in all cases with facility ; we proceed to the second 
party in which we shall shew some of the principal uses which 
may be made of the differential calculus in pure mathematics. 
But we must previously prove the following lemmas upon 
which the application of the differential calculus in a great 
measure depends. 

113. If f (x) changes its Hgn when x passes* through Lemma 
the value a, then f (a) must be or co. xvil. 

For fia) is the limiting value of f(^) when a; approaches 
a (Lemma III), and therefore by Lemma IV f(a) has 
the same sign as /(a) for all values of or taken sufficiently 
near a ; hence, if /(o) be positive, /(«) is positive for all 
values of a: taken sufficiently near a, and therefore cannot 
change its sign when of passes through the value a; and the 
same is true if f(a) be negative. If therefore /(of) changes 
its sign when of passes through the value a, f(a) can neither 

be positive nor negative; i.e. it must beOor -. q. e. d. 

114. It is important to observe, that what we have /(^) does 
proved here is, not that /(.») must change its sign when f(a) ^ShT^* 
is or 00 , but that if it does change its sign, f(a) must chuige it» 

- « c» .f % ^^^^ when 

be or 00. /(a)i80or 



* Bj saying that, *'/(«) changes iu sign when x passes through the value a, 
we mean that when we give x any value a little greater than a, f(x) has a dilTerent 
sign to what it has when we give * any value a little less than a. 



00. 

I* 



XYIU. 
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Thus, if f{ai) « (a? - a)', /(«v) changes its sign when 
« passes through the value a, and here /(a) » o. If 

/(*) ^ 7 xi"> /(^) changes its sign when x passes 

through a, and here /(a) « oo . If /(a?) « (a? - a)S /(a) « 0,. 

but /(») does not change its sign; and if /(a*)- 7 xi* 

/(a) » 00, but fijx) does not change its sign. 



115. If we suppose x to increase ctmtinuaUyy f (x) is 
increasing as long as f'(x) continues positive^ and is 
diminisking as long as f'(x) continues negative. 

-« , » ,wr /(*'''') — /(*) 1 1^ 

For, by Lemma IV,  . — =^^ has the same sign as 

*ir — J? 

f'{xi)y for all values of of' taken sufRciently near x: there- 
fore if f'ijB) be positive, f(j») —fC^) has the same sign as 
X — Xy and therefore if w he > ar, f(af') is >f(jx) ; i. e. ^(^) 
increases when «r increases. And similarly, \{ f'(iv) be nega- 
tive, /(«') — /(«) has the opposite sign to that of x - .r, and 
therefore f{x) is <f(jB) if «' be > x; i. e. f(pe) diminishes 
when or increases. Hence the truth of the lemma is manifest. 



fix') -/(«) 

r(i)inea- Hg. Since "^ ; is very nearly the same thiner 

sum Um X -^ X J J & 

rauoaof as f{x) for all values of x taken sufficiently near «, it is 
compiled evident that /'(a?) is very nearly the ratio of any small change 
wiih *. in f^x) to the corresponding change in .r ; and therefore the 

greater f{x) is, the greater will be the rafe^ so to speak, 

at which f{x) varies as compared with x. 

Hence f{»)y by its sign shews whether /(x) is increasing 
or diminishing, and by its magnitude the rate at which that 
increase or diminution takes place. 

If we suppose .r diminish continually, it is evident that 
f(x) diminishes or increases according as f(x) is po^tive or 
n^^tivc. 
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117* If ((x) and 0(x) be any two functions ofxy then Lemma 
^^ w m general the hmittng value of ^^^^_^^^^ 
when x' approaches x. 

fix') - /(d>) 

For /C^') -/(^) ^'-^ 

^(y)-^(^)'' 0O7)-^(.i>) 

and the limiting value of the second member, by Lemma VIII, 
is evidently '^ in general, q. e. d. 

We say " in generaly^ because ., ^ ^ may become 

illusory for some particular value of Wj and then of course 
this Lemma fails. In such a case the following Lemma 
will take its place. 

f '(x) Lonroa 

118. If B, be any value of x uhich makes -tt-t-c ^^* 

f'(x) 
illuaaryi then the limiting value of , when x ap- 

proaches a is also the limiting valine of ■' ; ^ ;Vt- when 

•^ 0(x)-.0(a) 

X approaches a. 

f^ (ai\ 
By the last proposition '• , • is in general the limiting 

value , , ,. —  , / . when w approaches w\ therefore 

<^ (07') - (0?) ^ <^' (07) 

may be diminished ad libitum by sufficiently diminishing 
07' '^ 07 ; and this is true for all values of x which do not 

f' (ai\ 

make ^,. { illusory; therefore it is true if we put x' ^ a 

0W . . . ' 

and sufficiently diminish w --' a\ i. c. we may diminish 



72 LBMMAB UPON WHICH THB APPLICATION 

od libitum, by sufficiently diminishiDg « - a ; hence by 
Lemma VI, Cor. 2, the limiting value of ,^ i is also the 

Kmiting vdue of '^^°> -^^'^ or •^^•'> -•^^"> when * 
* 0(a) -^(«) 0(*)-0(a) 

approaches a. a- e. d. 

^^' 1- 119. If a, be a viUt^e of x which makes the qiutntities 

r(a), r(a)...f-*(a), 0' (a), 0»(a) ... 0»-Ha), eacA *ero, 

f"(a) f"(a) 

and if ^ ^ 6e no< illtisary; then ;^ m Me limiting 

. . f(x)-f (a) 

vo/ue qf ; tc^Aen x approiiches a. 

(X) - (a) 

For, by the Lemma, when ^ approaches a, 

,i„. val. of {,^"^> ~-^^°^, = lim. val. of ^, 

0W - 0(o) ^ (*) 

or of ^Mzz;(f) , 

(a?) - (a) 

since ^' (a) and <f} (a) are each zero, 

y • (^) 
= lim. val. of , , , by the Lemma, 

or of /'(^)--/'(^) 

since /* (a) and 0' (a) are each zero ; 
and so on, till we come to 

li™. val. of /'-/-)-/'-(«) , 

which =^TrT-^> ''>y Lemma XIX. 
0- (a) -^ 
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Hence ^^^ is the limiting value of ^^j"^? ^^}?\ 
when X approaches a. q. e. d. 

120. If R be a value of x which makes f*(a), f*(a) Cor. 2. 

f"(a) 
• .. f "■* (a) each zero^ then -=r — is the limiting value of 

f(x)-f(a) ^ ^ 

— -z rr-^ when X approaches a. 

(x - a)" ^^ 

This is easily proved by putting (j> (of) « (/r - a)" in the 
last Cor., and therefore (f} (a?) — (f> (a) « (j; — fl)% 0' (a) -= 0, 
0*(a)  ... 0"'*(ff) = 0, 0*(a) = Tn; which evidently gives 

us „ for the limiting value of •^— ; ~- — when ,v 

approaches a. q. r. d. 

Conversely : If a Jinite quantity A be the limiting value Cor. 3. 

^ f fx) - f (a) , , , i., , X 

^ — p r^ wAen x approaches a, Men mt^^ * (a) = 0, 

f«(a) - 0, f»(a) « ... f"-» (a) «0, and f'Ca) « Tn.A. 

For if we have/>(a)-0, /*(a) -0.../'-^(a) = 0, but f'(a) 
not s 0, r being any integer less than n ; then the limiting 

value of • — ; } when a? approaches a will be *^-— — , 

and therefore that of "^-—-^ — , , which 

(a? - a)" 



(.V - a)"-* ' (a? - ay ' 

will be - . — -- — (Lemma VIII.) ; which is infinite, con- 
Fr ^ ^ 

trary to hypothesis. Hence the truth of the Cor. is evident. 

121. //f>(a), f*(a) ... f»-'(a), be each zeroy and Cor. 4. 
f"(a) not zeroy then, for all values of x taken sufficiently 
near a^ f (x) - f (a) has the same sign as (^ (a) (x - a)". 
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"f ( t\ — "f (n\ 

For, by Leroina IV, —^ ~- — has the same siffii as 

^ (a? - «)» '^^ 

its limit for all values of a? sufficiently near a, and 

in 

therefore f(ai) -f(a) has the same sign as /" (a) («» — a)". 

Q. £. D. 

Lemma 122. If f (x) be any function of m we may (sssume in 

general that 

f(x)-f(a) + r(a)^+f'(a)^^\f3(a)^^"^>' 



(X - a)« 



+ {f"(a) + Q} 



rn 



where Q i« some function of x ti^AtcA may be diminished ad 
libitum by sufficiently diminishing x -«' a. 

For assume F{ie) to represent the quantity 

then, by differentiating this expression successively and putting 
iT s a, it is easy to see that 

F{a) = 0, F\a) « 0, F^(a) = F"(o) = 0. 

Hence, by Lemma XX, Cor. 2, must be the limiting 

value of ^ when a? approaches a, and therefore 



(a? - a)" '^'^ (.t? - a)" 

may be diminished ad libitum by sufficiently diminishing w '--a. 
If therefore we put 



Or -a)" rn' ^ ^ ^ Tn ' 

and substitute for F(ai) its value (1) we have 



^<")^>«*'^^- 
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or /(»)-/(a) +/(•) -=y- +/'(«)St^ 



F(v\ 
where Q, since it « Fn r — \ , is some function of ^ which 

(a? -a)* 

may be diminished ad libitum by suiRciently diminishing W'-a. 

Q. E. D. 

This reasoning fails when any of the quantities f(a), 
/'(a) .../"(a) are infinite; for then we cannot assert that 
all the quantities F(a)y /"(a), F"(a) ... F'^ia) are zero; 
which is essential to the proof. 

ttl23. IfUbe the least value of f"(x) -f°(a), and^^f 
N the greatest, far all values of x between a and another 
value h; then Q lies between M and N, for all values of 
X between a and b. 

Let C be any constant, and let us write down the ex« 

pression F(sf) — C — = — ^ and its successive differential 

in 

coefficients as follows: 



F"-'(»)-C(.*-o) (1), 

F"(.r) - C (2). 

Now •F*(.v) " /"(.r) — /*(«) evidently; hence putting 
Cm My which is the least value of /"(•»') —/"(«) and there- 
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fore of F.'*(af) for all values of w between a and 6, it is dear 
that if we suppose <v to increase from a to 6, (supposing 6 
greater than a,) the expression (0) is always positive, and 
therefore the expression (l) is always increasing by Lemma 
XVIII, but (1) is zero when a^Oy therefore (1) is always 
positive; and therefore hi the same way we may shew that 
(2) is always positive; and so on, and finally that (n) is 

always positive, and therefore that Tn- ~, or Q, is 

always greater than C, i.e. M. 

In exactly the same way if we put C = Ny we may shew 
that the expressions (O), (l), (S) ... (n) are all negative while 
w increases from a to 6, and that therefore Q is always less 
than N. 

If b be less than a we may shew in exactly the same way 
that when w decreases from a to & the expressions (0), (l), 
(2) ...y and finally (n) are all negative if C« JKf, and positive 
when C — N\ and therefore that Q always lies between M 
and N, 

Hence it appears that Q lies between M and N for all 
values of «r l>etween a and h. a. e. d. 

Lemma 124. When a function f(x) becomes infinite for a 

particular value of x, all its differential coefficients must 
also become infinite, 

Yor ' may be made to differ as little as we 

w — a 

please from /'(«) by making a approach a; hence if f(a) 

f(w) - f(a) 
and therefore be infinite, and at the same time 

.1? — o 

fia) finite, we may make infinity differ as little as we please 
from a finite quantity ; which is absurd. Hence fia) « co : 
and therefore by similar reasoning /*(«) = oo and f {a) « oo, 
and so on. 

This reasoning does not hold if a« oo. 



CHAPTER IX. 



APPLICATION OF THE DIFFERENTIAL CALCULUS TO THE DBVELOPEMENT 
OF FUNCTIONS ; WITH BOMB PRELUflNABY REMARKS RESPBCT- 
INO SERIES. 



Wx now proceed to shew some of the principal uses 
which may be made of the differential calculus in pure 
mathematics^ and in the first place its application to the 
developement of functions in series. 

125. It will be necessary to make a few preliminary Prehm- 
remarks on the nature of an ordinary series of the form marL7e. 

8pecting 

and to settle precisely what we mean by the equation 

f(w) - -<<o + -^l* + -^2*»*...+ -^Ji^+ &c....(l) 

which expresses the developement of a function /(so) in a 
series of powers of w, 

126. In the first place we may remark that the sign » always 
B here, as well as elsewhere, always signifies actual equality ; ^^i^T 
for mathematicians always consider themselves at liberty, when equality, 
they have two expressions of any kind connected by the sign 

s, to use them indifferently for each other, and to sub- 
stitute one for the other in any calculation; which certainly 
they have no right to do, if the sign a does not always 
signify actual equality. We shall therefore always use s as 
the sign of actual equality. 

127. Secondly, by the second member of the equation (l) We must 
we do not in general mean a series of terms infinite in number, ra/ soppooe 
but a series of terms carried on according to a certain law comuTJ? 
to any number we please, with a term at the end of a dif- »» wfinite 

•' *■ number of 
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terras, but ferent kind from the rest, which is commonly called a re- 
number mainder: the former terms are represented by 

with a re- 

n being any integer, and the remainder is represented by the 
** + &c.," which is written after the term A^af^* The remain- 
der we shall often denote by writing + if instead of " + &c.'' 

Thus when we say that 

1 



1 -ar 



= 1 + a? + ^... + 11?"+ &c (2) 



we do not in general mean to assert that 1 +^ + a?*... to 

an infinite number of terms = , for if so, suppose tT «= 2 

1 — /p 

and then we have 1 + 2 + 8 + l^r*. to an infinite number of 

terms « — 1 which is manifestly absurd. But we simply mean 

to assert that 

= 1 +,r + ci?*... + a?*+if (S) 



I -a? 



where n is a number as large as we please, and It a certain 
quantity which must be always added to the series to make 
the second member of the equation equal to the first. In fact 
the <' + &c.'^ in equation (2), and the + iZ in equation (3) 
mean the same thing. 



j?«+» 



In the present instance the value of J? is , for it is 

easy to see that 



1 cr"+^ 
as 1 + 0? + a?*...a?"+ : , 



1 — ^ \ - m 

and thus when a? = 2 we have 

-l«l+2 + 8+ l6...2*-'2" + \ 

in which equation there is no such absurdity as there is when 
the number of terms is considered infinite. 

We may 128. Thirdly, if it should so happen that A is a quantity 

under cer- 
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which may be diminished ad libiiutn by sufficiently increasing ^^ <:^ii- 
n, then we may assert that assert that 

asenescon- 

/(^) = -4o + -^1*^ + ^f •'»*... infinite 

number of 

to an infinite number of terms : or perhaps more correctly, *•""•• 
that/(ar) is the limiting value of A^ + J^w + A^a^.^.A^af* when 
n approaches infinity. 

For f(w) — (Aq + AiiiP + Atai^...An^)j since it = B^ may 
be diminished ad libitufn by sufficiently increasing n; and 
therefore, by Lemma VI, Cor. 2, f(^) is the limiting value of 
Aq-^- A^w -¥ A^ef.^.A^u^ when n approaches oo . When we 
assert therefore that 

/(a?) « j4o + ^\^ + A%CD^,..ad infinitum^ 

we simply mean that /(or) is the limiting value of 

Aq + A^w + -^,^7* + ... A^a^^ 

when f» approaches oo. 

129. When R may be diminished ad libitum by suf- J>«fin>^^on 
ficiently increasing n, the series verging and 

of a diverg- 



Aq + A^w + Ata^.^.Aj.af' + jB 



ingseiies. 



is said to be a converging series: otherwise it is called a 
diverging aeries. 

Hence we may assert that 

f(ai) s ^Q 4. ^pT + A^a^...ad in/lnitufn^ 
when the series is converging, but not otl^erwise. 

130. In the fourth place we may remark, that we may A function 

1 may be de- 

always assume veioped m 

an infinite 

f(w) = -^0 + -^1^ + Atdf... A^a^-^Rt numbero 

" ^ ' dineient 

where A^y A^^ A^.^.A^ are any constants whatever. For we 
may always give R such a value as will make the second 
member of this equation to coincide with the first, no matter 
what values we assign to ^o> ^19 -^s»*«'^ii* 



series. 
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Tbas we om^ 

= 1 -I- jr -I- ji* + 5 jr* — 7 JP* + IT, 

for by giving JI the Taltie the seeood member 

of this equatioD becomes identical with the first. 

We may therefore expand any fbnctioo /{*) in an in- 
finite number of different ways in a series of the form 

V^MctJom 131. And here, in the fifth phuse, we may make an 
p«riect and important distinction; namely, the distinction between what 
f^rtdere^ we may call a perfect and an tmpeffeet developemeni. 

The series A^ + ^,«r + A^jt ... A^ji^ + £ we shall call a 
perfect developement of / (')» when JZ is of such a nature, 

that zero is the limiting value of — when x approaches sero ; 

and if this limiting value be not zero we shall call the series 
an imperfect developement. 

That we are justified in making this distinction, and re- 
garding it as a very important distinction, is evident from the 
following theorem. 



Theprin- 132. The principle of indeterminate coefficients holds 

dSermi^for a perfect developement, but not for an imperfect, 

coeflicieDto 

*^lfectbot ®y ^^ principle of indeterminate coefficients we mean this: 
not im an that if We have a series 

imperiect 

which is proved to be zero for all values of .v, then must 

A^ « 0, -i| « 0, j<, = ... J. = 0. 

Let Aq -k- AiOf -^ A^^r^ .•. An^ + if be a perfect series, 
which is proved to be zero for all values of x, then must 

R Ao + AiW + -^,** ... -4»«" 
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for all values of ,r, except of course the value zero: but 

the series being perfect, the limiting value of — , when a 

approaches is zero; hence, by Lemma VI, Cor. 1, zero 
must be the limiting value of 

when a approaches : now if Aq be not zero, 

Aq + AxW ..• Aj.ai^ , Aq 

becomes — or oo, 

a^ 

when a tmOf and its limiting value cannot be zero when » 
approaches zero ; therefore Aq s o, and we have 

Aq + A\X ••• A^su^ Ax + A^w ... A^a^"^ 

except of course when a actually « 0. 

Hence zero must be the limiting value of this latter quan- 
tity when m approaches 0, which as before cannot be true 
unless ^1 8 : and so we may go on and prove that A^ ^ o, 
^^4 » ••• ; and lastly, that 

Aq + AxW ... A^(/i^ 

= -If,, 



d?* 



the limiting value of which cannot be zero unless A^ « 0. 
Hence the principle of indeterminate coefficients holds for 
a perfect series. 

But the principle of indeterminate coefficiente does not 
hold for an imperfect developement. 

For by what we have just proved, it is evident that if 
Ao9 Aiy A2 *•• A^ be each zero, then the limiting value of 

— when Of approaches zero must be zero, and therefore the 
/r* 

series must be perfect. If therefore the series be not perfect, 
Aoy Ai..,Ajt cannot be each zero, i.e. the principle of in- 
determinate coefficients does not hold. 

6 
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Hence I think the importance of distinguishing series into 
perfect and imperfect is manifest. 

wWchbiS'* 133. Lastly, we may remark, that if /(«) be a function 
only one which has only one value for each value of w^ it cannot be 
each%ahie developed in more than one perfect series. 

of X can be 

developed For if possible let the two different perfect series 

in only per- *  

fectseiies. j^ + ^^^^ + J,ar»... J.or" + 5, and l?o-f *i^ +i?2«*-..J?.^+ fi^j 

be both equal \jq f{m\ then since /(^r) has only one value for 
each value of Xy these series must be equal to each other ; and 
therefore we have 

Now when to approaches 0, the limiting values of ~ and of 

S R ^ S ^ 

— are zero, therefore so also is that of : hence, by what 

a^ of 

has been proved in the preceding Article, we must have 

A^ *B ^09 -^1 » -019 -^B ^ ^2 ••• ^M "^ ^Mf &n<l therefore R ^^ S; 
hence the two series are identical ; and therefore f(a) cannot 
be developed in two different perfect series. 

Having made these preliminary remarks, we now proceed 
to shew the manner in which the Differential Calculus may be 
applied to the developement of functions in perfect series. 

Proposi- 134^ Xo devehpe f (a + h) in a perfect series of powers 

Tode- of h, 

velope 

ai^rfect ^ In Lemma XXL put a-hh for ^, and we have 

series of 

Powersoft. r ^s r* ra 

V A» . R Q 

here Q^r- is the remainder; call it Ry then — = — -; now 
in h" Vn 

zero is the limiting value of Q when a approaches a, i. e. when 

h approaches zero, (see Lemma XXL), and therefore the same 

is true of — ; hence (l) is a perfect developement. Since 
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Lemma XXI. fails when any of the quantities /(a), f'(fl)j 
f*(a) .../"(a) become infinite, this developement fails under 
the same circumstances. 

This developement is known by the name of Taylor^s Tarlor's 
Series ; when a « it is called Maclaurin'^s Series^ in which hmrii^r^* 
case it becomes senw. 

/(*)-/(0) +/'(0)^ +/«(0)^... +/«(0)£ + Q^. 
We may write the developement (l) thus: 
f(a + A) -/(a) +f(a) A + /.(«) £ ... +/•(«) ^ + &c. 

remembering what '^ + be/* means. 

The following are very important examples of this de- £x«mpl«. 
velopement. 

136. Let/(.T)-»"; and therefore Devel( 

ment o 



f*(a) » m(m - 1) (...) (m - » + l)ar-; <*+*>"• 

then putting 1 for a in the developement (l)» we find 

1 IS 

+ — ^^ ^ ^ ^ ^ A" + &e. 

which is the binomial theorem for any value of the index. 

Let f(w) «log<r, and .•. /"(«) = r(n - 1) (- ar)"""; then Develope- 
putting 1 for a in the developement (1), we find iog(i + x). 

log(l4.A)---- + j...+-^ +&C. 

Let /(«) = c", and .*. /" (w) « *"<?*, where A; — Ipgc, then l>«r«loj>«« 
putting a - in the developement (1), we find ?f° " 

kh Ar»A* *•*• . 
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]f^' Let f(a) = sinwy and .•. /*(ar) « sin (^+"r") • ^^^^ 



Develoi 
ment of 
tinx. cost, 

tan-^x. putting a B in the aevelopement (l), we find 



n rs r5 ^ '^ r(2n + i) 

Similarly we find 

A» A* , ^, A*" 

r2 r4 ^ ^ r(2w) 

t. ^ A» A* , ,. A«*+» 

tan"* A + —...+ (-)" -r; -f &c. 

13 5 ^ ^ r(2n+ 1) 

For more examples of the use of this developement, see 
Appendix 6. 

h** 
Propoei- t+136. If we neglect the remainder Q -- — in the devel- 

tion. ' ' "^ Pn 

of the error opement (l) last article^ the error we commit in so doing lies 

committed in i^n 

remaiilder between M r^- and N —- , where M and N are the greatest 

in Taylor's Tn In 

■«"f* ** J a«d foflw^ va/tf6« of {^ M - f "* (a) for all valines of x between 

neglected. j \ / \ ^ ^ ^ 

a ana a + h. 

This follows immediately from Lemma XXII, if we put 

b^a + h: for it is there proved that Q lies between M and N 

for all values of w between a and 6 (i. e. a + A), and therefore 

for the particular value a + A ; consequently the remainder 

A" . .A" 

Qp;— in the developement (l) must lie between iif =r~ ^^^ 
in in 

A" 
Tn 

1 
Examples. Ex. 1. Let /(«) = logo?, a=sl, A« — , n^ 5; then 

/'(*) - (-)- ^^"^'^ ••• /^C-^) -/*(0-r4. (^- i): 

the greatest and least values of this for all values of a between 
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^ «»d 1 + — are evidendy and r4 [-— J— _ - i] . Hence 



lFW"l 



the error lies between and i (-L - -1) ; and we have 

5 \n* 10*/ 

therefore 

^ \ 10/ 10 2 10* 3 10' 4 10* 5 10* 

+ an error between and - ( — r i i . 

5 Vll* 10*/ 

Since — » .000006 ... this error lies between and 

.000004... , . - . . .^ 
which has no significant digit in the first 6 

decimal places. 

Ex. 2. Let /(d?) -a?*, a - 1, A = — , n^ 5; then 
/• (^) = i (i - ( . . • ) (i - n + 1 ) ori - ; 

the greatest and least values of this for all values of of between 

1 and 1 + — are and 
10 

1.8.5.7 I 1 ] 



10/ 



Hence the error lies between and 

1.3.5. 7 



2*r5 



l(-4r"l^' 



°'-iB{i5»-!?(i;)'l' 
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which is evidently, in numerical value, less than — [ — g J 

.000004 ••• 

or * — or .0000002 .... Hence we have 

20 



/ 1 11 1JL^«L^^ '^ ^ 

^^'**To^ "*'iio"2«io^"*"i*7o*"?io^"*"2^io* 



4- an error between and — .0000002 .... 

Ex. S. Let f(a) « «*» a » 0, A « 1, n » 10 ; then 
f^(w) - «•; .-. f'^(w) -/(O) = c* - 1 : 

the greatest and least values of this for all values of of between 
and 1 are e — I and 0. Hence the error lies between =--; — - 

r(io) 

and 0, or between -=— — r and since e is < 3 ; therefore 

r(10) 

111 1 



n r2 rs'" r(io) 

2 
+ an error between and —p — - , which has no significant 

digit in the first 6 decimal places. 
Condition ++137. Let u^ denote the numerical value of 

ofconver- i i • " 

gency. 

(of - aY 

for any value of x between a and a + h; then if the limiting 
value of t«M when n approaches oo is zero, the developement 
(l) is converging, and we may assert that 

+ /'C^) P^ ••• ««* infinitum. 
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For then it is clear that 



rn 



A" h* A" 

and therefore M — , N— , and therefore Q — may be 

diminished ad libitum by sufficiently increasing n: therefore 
by (130) the developement is converging, and we may assert 
that 

/(a + A) -/(a) +/*(«) ^ +/•(«) ^ 

+ /'(a) — .... ad infinitum, 
1 s 

f f 138. If, for all values of n greater than a certain value A simpler 

condition of 

r, -^ — never exceeds a certain ratio a which is less thanJJJcy!^' 
•*■ 

unity, the developement is converging. 

For then we have -^^ not > a, — ^ not > a, -^ not 
>a not >a; and therefore, multiplying these in- 

equalities, we have — not > a*'% or u^^ not > a'^^ti,. Now 

since a is less than unity, the limiting value of a*^^ when 
n approaches oo is zero, and therefore, zero is also the limit- 
ing value of a*~'u,9 and therefore of u. : consequently the 
developement is converging. 

139. By means of Lemma XXI. we arrive at the con- Taylor's 
elusion, that there necessarily exists a perfect developement ot^"^^' 
f(a + h) in the form jomewhu ^ 

Aq + Aih + A^h* ... + Anh"" + -R, 

provided none of the quantities /(a), /*(a), /'(a) ... /"(a) 
be infinite: we shall now prove the same thing somewhat 
differently. 
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By (131) we may assume that 

f{w) = -io + A^(a - a) 4- .i,(a?-a)»... + ^,0i?-o)" + J?....(l), 

Aoy At...A^ being any arbitrary constants, and R that quantity , 
whatever it be, which must be added to the second member of 
the equation to make it equal to the first. If we can so 

determine A^Ax^ A^...A^ that the limiting value of ^ — 

when w approaches a shall be zero, then the developement (l) 
wiU be a perfect developement. Now if this limiting value 
« 0, it follows from Lemma XX. Cor. 8, that 

dR d^ £R d^R 
d/» * da^ ' da^ **" daf" 

must be each zero when or » a. Hence, differentiating (l) 
put in the form 

/(a?) ^ Aq -- Ai(jv ^ a) ^ A^ {a — a) .... - -rf« (« - a) « jR 

n times successively, and then putting .v s a, we obtain the 
following equations: 

/(a) ~ ^, - ^ 

f\a)^Tl.A, «0 

^W-r«.^.-o. (,. 



which equations give us the values of A^^ Aiy j^, ... ^., 
necessary to make (l) a perfect developement. 

And conversely, if we give the values (2) to A^^ ^,, 
^s . . • jtf, , we shall evidently have 

dR 



R^Oy 



da 



d^R d*R 

0, -7-j = ... -7—^ e 0, when wm a\ 



da^ 



and therefore the limiting value of 



do?" 
R 



- when a approaches 



(ar-a)' 

a, will (by Lemma XX. Cor. 2.) be zero; i.e. the develope- 
ment will be perfect. 
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Hence it appears (putting x ^ a^h) that 

/(«) +/'(«) ^ +/•(«) ^ f'ifl) ~*R 

is a perfect developement, and the only perfect developement, 
of /(a + h). 

We must except however the case where any of the 
quantities /(o), /'(«)» /*(«) *"f*(^) are infinite, for then 
we cannot be sure that the equations (2) are satisfied by 
giving Jq^ Aiy ^2 ••• &c* tiie above values; for instance, if 

/*(a) SB - , we cannot assert that f^(a) — FS . -<<3« 0, if we give 

^3 the value -, for then the quantity /^(a)-rs.^s assumes 

the form , which we cannot assert is zero. 



140. If /(^), and all its differential coefficients below The ftulure 
a certain one, the p* suppose, be finite, but the p*** (and all 2[ ?<Sl **' * 
above it by Lemma XXIII.) infinite; then the developement 

(1) holds as a perfect developement for all values of n less 
than py but for all other values of n it fails. 

141. When a failure of this kind takes place, it isAdifieren- 
generally possible to obtain a perfect developement containing ^i^nt^' 
fractional powers of h after the p^^ term. coming in- 

* finite when 

xasa, indi- 
f df -^ G cates the 

For let F(w) «=/(^) -fifl)-/ (a) — r; — appearance 

ll of fractional 

powers in 
/ \% f \ii-i thedevel- 

-r(a)^^...-/'-«(«)^^.see(m) •"«-- 

then it is clear that 

/'(a)«0, F'(o) = 0, J'«(a) = O....F'-'(a)-0, 

but F^(a) ^f^{a) « 00 ; since we suppose that /(o), /'(«)> 
/»(a) ..../''-'(«) are finite quantities, but /'(a), p^\d) ... 
infinite. 
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Hence, by Lemma XX. Cor. 2, the limiting value of 

F(ai) F(a) 

z —T is zero, and that of - — ^-V is infinite, when w 

(a; -«)'-» {ps-ay 

approaches a. 

Now if any function 0(.r) = o when /r « a, we may 
generally find some power of a? — a, (/» — a)"" suppose, such 

that the limiting value of -^^ — r-- when a? approaches a, 

is neither zero nor infinity. Let us then suppose (or — a)" 
to be such a power of a? - a, that the limiting value of 

- — , when iV approaches a is some constant C, which is 
(a - o)" ^^ 

neither zero nor infinity : then, since 

F (.v) F (x) 



(a? - ay' (a? - o)' 

jP f cv) F (a) 

and ^^ « ^^ (a? - a)«-', 

it is clear that the limiting values of — jj and 



(m-^ay-^ (a; -ay 

are Co*"'"^' and C.O"""'. If m be less than p - ] the former 
of these is infinite, which we know not to be the case ; and if 
m be greater than p the latter will be zero, which we know 
not to be the case : hence m lies between p - 1 and />, and is 
therefore a fraction. 

F(ar) 

If therefore we assume r- « C + Q, Q will be some 

(a — ay 

quantity which becomes zero when a?sO, and we have, putting 

for F (a) its value 



p-' («) r (y ^7)' + (^ + «) (* - «)"' 

which is a perfect developement containing a fractional power 
C (a? — a)"*, m being greater than p — 1, and less than p. 



in- 
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Thus it appears thai when any differential coefficient 
f(a) becomes infinite, it indicates the appearance of a frac- 
tional power in the developement oi f{ai) in powers oi w — a. 

142. We may generally apply Taylor^s series, in the How the 
following manner, to determine the developement of /(«), when ment^sto 
fractional powers appear in it in consequence of some of its be obtained 

when uiy 

differential coefficients becoming infinite when a ^ a. ofthedif- 

ferentiftl 

Put or = a + «% and f{ai) will become a function of «, ^^T 
ip{z) suppose: then, if possible, so determine r that neither fii^^- 
0(iv) nor any of its differential coefficients shall become in- 
finite when AT » 0, and this being the case we shall have, by 
Taylor's Theorem, 

0(«f) - 0(0) + 0'(O):^ + <t>\0) ^ .... 0-(O) ^ + «> 

n being as large as we please. 

I 
Now here put for « its value (w - ay ^ and for <^(x) 

its value /(j»), and we have 

t • 

which is the developement required containing fractional 
powers. 

There are also other ways of substituting for iV, so as 
to obtain the developement of f{w) by Taylor's series. 

Ex. Let f(a) = sin {^ + 1 + (^ - l)*} ; Example. 

here it is easy to see that /*(0) a oo ; therefore we shall not 
be able to develope /(^) in this case in integral powers of 
or — 1. To obtain the developement by means of Taylor's 
Theorem, put a; = 1 + «*, and then 

» 

s 

f{w) - sin (2 + «• + »*) « 0(«f), 
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and it is easy to see that neither <f>(x) nor any of its differ- 
ential coefficients become infinite when « ^0: therefore we 
have 

/(«)-0(O) + 0'(O) ^-^ + 0»(O)^^^ +0.(o)^f^ + &c. 

By actual differentiation, and putting Jtr s o, we find 
0(0) « sin 2, 0^(0) = 0, 0'(O) 8 2co8 8, 0*(O) = 6cos 2...&C. 

and therefore, 

sin{^F+ 1 + (^-l)t}»sin2 + cos2.(a?-l) + cos2.(dr-l)t+&c. 
Same ex- This method however is not irenerally the simplest in 

ftmolc 

done more practice ; Other substitutions for w often bring out the result 
8»nip y. more readily. Thus assume 

4? — 1 + (jf — 1)* ■» «, 
and then f{ai) = sin (2 + «) » 0(^)9 suppose; 

« 

and it is evident that neither 0()v) nor any of its differential 
coefficients become infinite when ^ >» i ; i. e. when «^0; we 
have therefore 

<f>iz) - 0(0) + 0'(O) ^ + 0»(O) ^ + &c. 

Now since <f>(x) » sin (2 -h iv), we have 

0(0) B sin 2, <f>{0) cs cos 2, 0*(O) « — sin 2, 

0»(O) » - cos 2 ... &c. ; 

and therefore, restoring for v its value, we have 
/(a?) = sin 2 + C08 2 . {(of - 1) + (a; - 1)1} 

- sin 2 . {(ar - 1) + (or - 1)1}* 

if we arrange this in powers of (j? - 1), expanding each term 
by the binomial theorem, we find the developement required. 

/(a) being 143. These methods clearly suppose that /(a) is not 

dicatesthe intinite. 
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If /(a) "• CO , then if we assume appear- 

ance of ne- 

(«-a)V(»)-^(«). 5j:s..n 

the senet. 

and so determine s that 0(a) shall not be infinite, we may 
develope <p(af) as above in the form 

0(j7) « -4o + -4, (fl? - ay + Jn{^ - a)' -..&c. 
and therefore, restoring /(^), we have 

f(af) - ^o(« - «)"' + -^1 (or - «)""^' ... &c. 

Hence, f(a) becoming infinite when w ^ a^ indicates the 
appearance of negative powers in the series. (For examples, 
see Appendix H.) 

'\'\ 144. Suppose we have a relation between x and y, Deveiope- 
vix. f (xy) —0, to develope y in a perfect series of powtfr* JUncuon' 

of x p^®** *>y *» 

«^ ' equation. 

To do this all that is necessary in general is, to write down 

to the equation fQvy) and its successive derivatives, and then 

dy dPy 
to put ^ sa 0, and so find the values of y, -7- , 33 , &c. when 

d(B dmr 

0^ s 0, and thus obtain the perfect developement of y in powers 

of w by Tay lord's Theorem. An example will best explain 

this method. 

Let the relation between w and y be Example. 

y* -flfy + 2ar « 1 ... (l); 

then differentiating successively, we have 

(3y* - a?)p - y + 2 « ... (2), 

(Sy» - 4?) g + 6yff - 2p - ... (3), 

dy d^y d?y 
when Pj q^r ... are, for brevity, put for ■— , —5, — - ... 

dtV dor d^ir 

(3y» - or) r + (I8yp - S) 7 + 6p» « ... (4) 

&c. &c. 
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Hence putting ^ » 0, we find 

from (l) ^= 1 ; .'. y ss i, (at least 1 is one of the 
3 values of y) ; 

.*. from (2) Sp + 1 ^ 0; .-. p « ; 

6 2 4 
.-. from (3) So 4- - + - =« ; .•. o = ; 

/. from (4) Sr + 9 . - + - ■» ; /. r « ; 

^ 9 9 27 



&c. &c. 

Hence by Taylor'*s series, we have 

la? 4 ^ 38 a^ . 
M ss 1 — . — — - , . . &c. 

^ s n 9 r2 27 rs 

How we "I"]* 145. It often happens however that we thus get in- 

ceed wli^n finite values for some of the quantities p^ q^ r, &c., and of 
8eri« fails ^^"^^^ ^^^^ method fails; we must then proceed as follows. 

Let a be a value (or one of the values) of y when 
^p s O9 then substitute a -¥ ucf^ for y in the given equation 
fipy) — 0^ and) if possible, give m such a value, that the 
limiting value of u when <v approaches shall not be or co, 
but some quantity, h suppose. Then assume u^ h •\- v/v*, 
substitute this value of u in the equation and so determine n, 
if possible, that the limiting value of v when cd approaches 
zero shall not be or 00, but some quantity, c suppose. Then 
assume t? s c + 1<;^; it is clear that in this manner we obtain 
a perfect developement for y^ viz., 

y a a + haf^ + cd?*""*^" + Ry putting R =» wa?*'+"+', 

which we may carry as far as we please. 

Several dif- It generally happens that we obtain more than one value 
ren series ^^ ^ when cT = 0, and more than one value of w», or of n. 
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or of r. &c.. which satisfies the above conditions, in which generally 

'- , i.11 * obtained 

case we nnd more than one perfect developemcnt for y, thw man- 



in 

man- 
ner. 



An example will be necessary to make the nature of this Example. 
process of developement clear. 

Let if^ — 3aafy + ^ » 0, 

then y mO when of^O; assume .'• y » ua^^ 

and .'. substituting 

w»^^* - Saua^*^ -|. or* « ... (1). 

Now here the powers of w cannot be all different, since the 
coefficients of them are, either constant quantities not equal to 
zero, or quantities which we suppose not to approach zero as 
their limiting value when a approaches zero: for it is clear 
that if all the powers of of be different, and if the equation 
be divided by the lowest power, and or then put equal to 
zero, the coefficient of the lowest power must necessarily 
become zero, contrary to hypothesis. 

Since then the powers of w cannot be all different some two 
of them must be the same; either the first and second, or the 
first and third, or the second and third. 

(1) Suppose that the first and third are the same ; then 
Sm « m + 1, and .*. fit » ^ ; then (l) becomes, dividing 

out 47i, 

t^ " Sau + a positive power of a? s o. 



which gives u^O or ^\/3a when J7»0: we must of course 
reject u^Oy since we want only those values of u which are 
neither nor oo . 

(2) Suppose that 3 m — 3, and .*• m » 1, then we have 
w* + 1 + a negative power of ar « 0, 

which .*. gives u ^co when ^k 0; this value of m must there- 
fore be rejected. 
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(8) Suppose that m + 1 s s, and .-. m-> 2; then we have 
— Saw + 1 + a positive power of dV » 0, 

which irives w « — when .r = 0. 
® 3a 

Hence it appears that there are two values of m, namely 
^ and 2, whicli answer our purpose, and that when of ap- 
proaches 0, u in the former case approaches v^Sa or —\/sa 

as its limiting value, and in the latter case — . 

Sa 

Hence, proceeding only as far as the first terms, we have 
the perfect developements 

and y a» — + jk . 
Sa 

To obtain the second terms of these developements we 
must assume m » ^, or 2, and 

u as J^x/sa + vof^y or t* = — +va^ respectively, 

3a 

and substitute in the equation (l) and proceed as before, and 
so we may go on to any number of terms. It is often useful 
to obtain the first terms of the developements as in this Exam- 
ple, but we seldom have occasion to go any farther. 

The It is clear from this Example, that to determine the first 

stated m terms of the developements, we have only to put y ^ a + Ma?" 
general. ^^ being the value of y when a? = 0) in the given equation, 
then suppose the powers of a; to be the same, two by two. If, 
when we suppose two powers the same, any of the remaining 
powers is lower than them, then there is no value of u such 
as we want corresponding to these two powers, (as in the case 
where we assumed 3m = 3 in the Example). If, however, 
none of the remaining powers is lower than the two supposed 
to be the same ; then dividing out the lowest power of <r from 
the equation, and putting <r = 0, we obtain a value or values 
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of u^ (rejecting of course any value which s zero) ; and thus 
we obtain the developements required. 

(For examples and certain simplifications see Appendix I.) 

•j-f 146. If f (xy) be any function of x and y, and if we Develope- 
put X = a + h, y = b + k, to develope f (xy) in powers of h Snction*of 

and k. two vari- 

ables 

Putting a + ^ for j:*, we have, by Taylor's theorem, in powers 



in powers 
of A and k. 



f(j€y) « /(a + A, y) ^f{a y) + dj(a y) ^^ • • • 

1 m 
but by the same theorem, if we put 6 + Ap for y^ we have 

f(ay) ^f(a,b+ k) ^/(ab) + dj^ab) ~ ... 

-^dlfiah) — ...&c....(2). 
I n 

Substituting this value of f(ay) in each term of (1), we ob- 
tain the developement required. 

A* 
Now the general term of (1) is dj/(ay) -— - , and by (2) 

im 

the general term of this is 

hence, giving m and n their several values, we obtain 
/(a + A, 6 + *) = f(ab) + djia 6) ^ + d»/(a b) ^ 

A' 
+ <^/(a*)j:5 &c &c. 

&c &c. 
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Symbolical If we uFse a symbolical form similar to that in 110, 

develope- this expansion may be expressed in the following manner, 

SlrTi^^*"''* {observing that -—^^ is the coefficient of h'k^'' in 

Series. 1 » Tr r(n - r) 

(h + ky expanded}, viz : 
^, . . ,v f (d^h + di,ky (d^h-hdi,ky , K, ^^ 

Taylor^s series expressed similarly may be thus written 

f^(a) being supposed to be the same asf^a). 
^rSof*^the tt ■^*7* I" ^^^ expansion of /(a + A, 6 + Ap) above ob- 

result that A"^^ 

<i.-rf.-y tained, the coefficient of — — ~— is d2dlf(ah). Now if we 
= d.»J,"y. TmTn 

had arrived at this developement by first putting h-\- k for 

y and expanding, and then a + A for ^ and expanding again, 

it is easy to see that the coefficient of •— would have 

been did!^f(ab)^ hence we must have 

dld;f(ab) - (d^difiab), 

a result which we obtained before in (106). 
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DETSBMINATION OP THE LUflTlNG VALUBS OP VAXiaHINQ 

PRACTION8. 



148. The Differential Calculus may often be employed Vunshmg 
with great advantage to determine the limiting values of ^^ ^^' 
vanishing fractions; i.e. functions which assume the illusory 

form - when the variable receives some particular value. 

If f(a)BO and <b{a)^Of to determine the limiting value To dtibu- 

ff^\ mioe the 

of —j\ when x approaches a. IX^*?/ a 

<P W vanishing 

fraction. 

Since /(a) and 0(a) are zero, ^ - ^^4^^ ; 

<p{w) 0(d^)-0(a) 

hence by Lemma XIX. the limiting value of ^ ^ is ^ \, ; 

0W («) 
or more generally, by Lemma XX. the limiting value of 

.,. . when a approaches a is also the limiting value of 

9 W 

fU) f(a) 

, \ ; ; if it should so happen that -777-7 is not an illusory 

quantity, then it is the limiting value we seek : but if 
/'(a)«0 and 0'(a)«O, then by the same Lemma, Cor. 1, 

the limiting value of ,^\ , is that of ^ ^  , and therefore 
^ 0«(^) 0(^) 

^ — ^, if not illusory, is the value we seek : if however f*(a) 

and 0'(a) be both zero, then we must try the third diffe- 
rential coefficients, and so on till we come to two differential 
coefficients which do not both vanish (nor of course become 
both infinite) when at « a ; and thus we shall obtain the 
limiting value we seek. 

7 — 2 
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Casein If we come to two differential coefficients which both 

method ^ become infinite when <v » a then there is no use in going 
fails. farther, since all the succeeding differential coefficients will 

be infinite also by Lemma XXIII. 

How we are 149. In such a case we must proceed as follows. 

to proceed 

in such a put a ■¥ h for Of and expand f(a-k-h) in a perfect series 

f{a)+Ah^-¥R' and 0(a+A) in a perfect series <l>(a)-\-Bh^'¥R\ 
then since f{a) and 0(a)^are each zero, we have 

A ?- 

f(a + h) ^ Ah' + R - _^ A' 

0(o + A) BhP+ R' ' R'' 

HeDce, since the series are perfect and therefore the 

R Rf 

limiting values of — and 73 when h approaches each zero, 

the limiting value of — — -^ when h approaches zero is 

(a + A) ^'^ 

the same as that of A«-/5.-~. Now if a>fi this « 0; if 

A 

a < /3 it « 00 ; and if a = /3 it = -^ • Thus the required 

B 

limiting value is found. 

This latter method is sometimes preferable in cases where 
the former does not fail. 

Example. Let l^ = ^' - ^" 

which assumes the form - when o^ » a ; 



here /'(a?) = n^r""* « no""' when tV « a, 
<f>{w) = Sa^ - Zax -{-a^ ^Sta^ when j? = a ; 

hence the limiting value of when x approaches a is 

<t> (a) 2 
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^ /(^) tan Of - sin 07 , . , , ^ Example a. 

Let — -r-r « = , which assumes the form - 

when « SB 0, 

f {fo) sector - cosd? , 

^, , ^ •- -1 — - when X 1^ 

(jt) 3^ 

1 1 — cos'.r 



cos* a? 






150. Here we must make a remark of some importance. Important 

Bmiplifica- 
, tion we may 

f (w) often make 

Suppose that we obtain . . ^ m the form UVy and that inthepro- 

*■ m \pe) cess. 

we know A to be the limiting or actual value of U corres- 
ponding to the value of x which makes the fraction vanish ; 
then, by Lemma VII L, the limiting value we require is 
A X limiting value of F. Hence if in the process of obtaining 

f iaiS 
the limiting value of a vanishing fraction, we find that , . - 

<p Kpo) 

has any factor whose limiting or actual value we know, we 

may always substitute immediately for that factor its value 

whatever it be, and so simplify the operation. 

1 

Thus in the present example the factor — — — 1 when 

^ cos' m 

^sO, we may therefore substitute 1 for it, and then we have 

1 — cos' (S 
only to find the limiting value of — ; i.e. of 

d (1 — cos' sc) cos' X sin x 

and here again putting 1 instead of the factor cos^.v we have 

sin« dsinar 

only to find the limitinir value of ; i.e. of —r- — 

or ?21fL^ which is A. Hence the limiting value required 
2 

is i- 
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Eamplea. Let ^^. = a->. 1— L which assumes the form 

(p (w) a^ 



- when 0? K 0, 




1-1 



- - 1 






the limiting value of which when ^aO is evidentW — . 

n 

Example 4. Let ^-^ « (1 - 0/) ten ^ , which assumes the illusory 
form 0.00 when cT = 1. This is the same thing as the form 

-, as appears if we put , . . in the form 
m {jjcy 

(1 - at) sm 

2 

cos 

2 

Now the limiting value of this is the same as that of 



TTW 

COS 

2 

i. e. of 


nee sm bs i wnen x « 

2 


IT . WtT 9r 

sm — 

2 2 



•orJfoTO '^^- -^ function sometimes assumes the form oo - oo , 



the nma M which is the same form as - : for let — - -— be a 

function which assumes the form oo - eo when .» ^ a, in con- 
sequence of/(o) and 0(a) being each zero: then 



/(*) 0(*) f('V)<f,(,a>) ' 
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which assumes the form - when .v « ; thus the illusory 



forms - and oo — oo are identical. 


Hence when we wish to find the limiting value of a How to find 
function which assumes the form oo - oo , we must reduce it ridJ^oU^ 

Q function 

to a fraction, so that it shall assume the form - , and then J^JiomlL 

CO — 0». 

proceed as above. 

— becomes oo - oo when 4^ ■= 1 ; to find its Examples. 



.1.* - 1 or - 1 



, ^ 2 - (ar + l) ... 
limiting value we must put it in the form ;-— , which 

assumes the form -, and whose limiting value therefore is 
that of , or - ^. 



f(ai) 07 - o + \/2aa - 2a* 
I. Let ^vVt 7====1 y 



1AQ T.Pt LIl-L a Z. > which assumes Example 6. 



^ common 

the form - when or - a. "»***»«*• 





Here /(a) and <f>ia) are both infinite, we must therefore 
put 0. = « + A, and then :L- becomes ^^^^^^^^ > ^hich 

« ^^ + V ^^ ^ ^hich « 1 when A « 0, hence the required limit- 

v/2a + h 
ing value is 1. 

^^^ fj^ ^ sinV^iTTT-H (or - ly ^ Example 7. 

^(o?) (d?«- J)\/a7- 1 



case. 



vhich assumes the form - when 4^ = 1 ; here /• (l) and 0* (l) 



dy 
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dx 
are both infinite ; we must therefore put a? « 1 + A, and then 

4-7~; becomes 

8in» \/h (A 4- 2) + V 
A (A + 2) Ai 

Now sin « as ar — -— &c. . • . 

8in^»as«* &c.... 

2 

.-. putting »"= [{A (A + 2)|]»= 2*A* + &c.... 

we find /(a?) = A* + i? a perfect developement, 

and ^ (^) = 2 A* + It ditto, 

2f A* / 

and .-. the required limiting value is that of — -|- which = v/2. 

(See Appendix J.) 

dy 
When we f+153. It often happens, when we are finding -— from 

are finding ' ' * * ^ diff 

^ from an an equation between y and w^ as in 145, that the result comes 

equation it q 

sometimM out in the form -, which of course leaves us in ignorance 

assumes the o 

form jK • c2 1/ 

as to what the true value of 3- is. Thus suppose that we 

doB 

dy 
wish to obtain the value of --— when cV » from the equation, 

dx 

a?* + 3aW — ^a^xy — o*y* (l). 

Difi^erentiating, we have 

4^-f 6a^X'-4fa*y - (4a*j? + 2a*y)p « (2) ( © « -i? ] . 

V dxj 

Now putting ^p = 0, and .•. y « in virtue of (1), we have 


— O.pasO, orp=s-; 

thus when 4? *= we cannot find p in this manner. 
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But differentiating the equation (2) we have in such a 

case we 
d*y must differ- 

607* + 3a* - gfl^p - (2a* + a^p) p - (2a*w 4 a'y) g « (7 « --— , entiate 

d/v again in 
1 . 1 1 /» 1 ordeitofind 

and putting s ^ 0^ and .-. y ^ 0^ here we nnd dy 

dx ' 

Sa* - 2a*p - (2a* + a^p) p « 0, 

or p* + 4 /> - 3 « O ; 

.-. p B - 2 at \/4 -H 3, 

and thus by differentiating twice we obtain p^ and we find that 
it has two values — 2 + v/t and — 2 - %/?• 

As another example, suppose that we wish to obtain p Another 

, i» 1 . example. 

when 0? =s from the equation 

a?*+ ay^^Zaaff^" Saa^y « (l), 

differentiating we find 
(4d7^- 2ay^- 6axy) + (Sa^ ^ ^aay — 3aor*) p « (2), 

here put or « 0, and .*. y « in virtue of (l), and we find 


^ 

But differentiating again we have 

120?* 



a 



— 6y-4(2y + S^)p + 2(3y-2o7)p*+(Sy*-4o7y-So7*)5r»0, 



here put 07 « 0, and .*. y ^0^ and we find again p ^-. 

Differentiating again, therefore, we have 
= - 18p - 12p*4- 6p'+ terms multiplied by 0? or y, 
here putting o? » and y »» 0, we find 

p*-2p*- 3p« 0, 

which gives pssOorpwl J«vl + 3«=3or - 1. 

And thus by differentiating three times we obtain p, and 
we find that it has three values 0, 3 and - 1. 
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dy 
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Thus it appears that where the first differentiation of 

an equation fails to give us -r- for a particular value of so^ 

in consequence of all the terms becoming zero, we must dif- 
ferentiate successively until we come to an equation, all the 
terms of which do not vanish when we give <v that particular 
value. 

'l'j-154. If we perform these differentiations on the sup- 
position that j9 is a constant, we shall arrive at a correct 
result: for it is easy to see from the above examples that 
all the terms obtained by differentiating p once or oftener 
vanish when we give iV the particular value for which we 
wish to find p, and therefore do not affect our final equation, 
which gives us the value of p. Hence we may always diffe- 
rentiate on the supposition that p is constant, and this will 
somewhat simplify the process. 

A some- "j-j-l 55. The values of p are sometimes found by the 

ent method method of finding the limiting value of a vanishing fraction 
^y^tS^^^iJ" given in (148); thus in the first example we have 

ing frac- ' 2a^+ Sa^w — 2 a^y 

tions. p « -r-z ;; " =* - when a? » 0, 

2a*a? + o'y 



These 
differentia- 
tioDS may 
be per- 
formed on 
the suppo* 
sition that 
p IS con- 
stant. 



Another 
example. 



therefore by (148), 

6a^ + Sa* - 2 a^p 3 -- 2p 



when 07 s ; 



2a*+ a*p 2 + p 

.-. 2p -f p'= 3 - 2pf p*+ 4p - 3 = 0, 
which is the result we arrived at before. 

-{"1-156. The following is an example where p assumes 

the form - for other values of of and v besides zero. 


To find p when a ^^ a from the following equation, viz. 

ay*- 2a*y - Qa^ + Saai' = (l). 

Differentiating, we have 

(2fly — 2a*)^ - fi.r' + Gaof « 0. 
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When « e a, and therefore y = a, in virtue of (1), this 
equation gives p«-; therefore, differentiating again, con- 
sidering p constant, we have 

2ap* - 1207 + 6a « ; 

which, when d? a a, gives 

jd* - S — ; .'. p -s sfc v/i« 

■j"|" 167- There are two objections to this method of find- Obiecuons 
ing the values of p. 1st. It is generally very comph'cated and method of 
troublesome when we have to go beyond a second differen- gucc^i^e^ 
tiation. 2nd. We have no riirht to assume that the terms d»ff«entia- 

® lion. 

containing -73, 33 ••• vanish; for although the coefficients 
djEr dor !• •«» 

a y ay 
of these terms vanish, yet, since -—-r, -7-^... may and often 

dor dor 

do at the same time become infinite, we cannot tell but that 


these terms may assume the form . 00 or - ; and therefore 

we cannot assume them to be zero. For instance, in the first 
example, (153), in the result of the second differentiation we 
have the term (2a'^ -»• a*y) g, which we assume to be zero 
because 2aaf + €^y « when « « O; but we have no right to 
do this, since we cannot tell whether q is infinite or not. 

nl58. The following method will be found free from A method 
^^ tree f t^ m 

this objection, and very simple in practice, especially when it these ob- 
is our object to find p for the values w ^0 and y « 0. expiated. 

(1) Suppose that we wish to find p for the value ^ <= 
from the equation 

Aw + By-h Ca^ + Dxy + E\f + Ffff" ... &c. - (l). 

Since y » when of « 0, it is evident that the value 

of p we seek is the limiting value of - when w approaches 

zero (see 148) : if therefore we put - = u and find the limit- 

ing value of Uy u^ suppose, when x approaches zero, u^ is the 
quantity we wish to determine. 
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ax 
Now put y B uw in (l), divide out <v, and we find 

A-\- Bu + /v (C -i- Du -^ Eu^) H-^(F.,.) (2), 

here let w^O^ and then u must become u^^ if therefore u^ 
be a finite quantity we have 

(3) .... J + BUq'=^0, and .-. Wo="-B^ 

which gives «^^,. 

If it should happen, however, that both A and B are zero, 


the value we have here obtained for Uq assumes the form -, 



and therefore we cannot thus arrive at the real value of u^. 
But then the equation (2), dividing out a?, becomes 

C + Du + JKw' + a?(F+ &c....) ... = 0; 

here put «t » o, and therefore u ^ Uq^ and we find (supposing 
Uq not infinite), 

C + Duo + l^Mo* «= 0; 



and 



• • «o - - r^ * V r^i - 



21; *^ *£?* 4JB' 



dy 
thus it appears that--^ has two values in this case, when « = 0. 

dw 

How the In this process we suppose Uq to be a finite quantity ; 

y°f"^*^,f„^ therefore, if u^ admits of infinite values, this method does 
are to be not give them, and we are left in ignorance as to whether 

there are such values or not*. But we may easily determine 

this in the following manner : 

Put .r s ~ instead of ^ ^ ux, and the equation (1) be- 
comes (supposing A and B zero) 

C — + 1>-- -f-jG + v (/"—,... &c.), &c. = 0; 

du 
^ In the common metliod of finding -^ Uie ni finite values arc M>metimes over- 
looked. 
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and then putting ^ «- 0, we have 

C-— + Z>— + J5;«0. 

Hence if E is not zero — cannot be zero; and therefore 
Uq cannot be infinite : but if £ » 0, then one value of — is 
zero, and therefore one value of Uq infinite : if D also « o, both 
values of — are zero, and therefore both values of u. infinite. 

If C, D, and £ be all zero, then in the equation (2), 
dividing out ^, and putting J7 « 0, we have 

F + Guo + Hfio^ + lu^ = .... 

which equation gives us the finite values of Uq . To obtain the 
infinite values we have, as before, the equation 

It appears from these equations that there are in this case 

S values of —— when 4? « 0. If / « one of the values of — 
dx Uq 

is zero, and therefore one of the values of Uq is infinite: if 
/ -B 0, ^ >B 0, two of the values of — are zero, and therefore 

Wo 

two of Uq are infinite : if G >■ also, the three values of u^ 
are infinite : if / » and J^ « 0, a value of Uq is 0, and a value 

of — is 0, and either of the equations becomes G + Hu^ » o, 

""' . G 

which gives Uq a — -==; hence, in this case, the three values 

of Uq are 0, oo , and - — . 

If Fj Gf H^ /, are all zero, we must divide out af in 
equation (2) and proceed as before; and thus we may in all 
cases obtain an equation for determining all the values of Uq. 



dy 
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dx 
Rule for If in creneral we divide out af^ and the resultins^ equa- 

the infinite tion for determining Uq is only of the n - m^ order, then 
immediate-* ^ ®^ ^^^ values of u^ are infinite, as is easily seen. By re- 
^y* membering this we may detect the infinite values of t^^ im- 

mediately. 

Example I. j-j- 169. Let the given equation be (see 153) 

here putting y ^uXy dividing out a^ and putting of^OyVre have 
Sa* - 4a^Uo - a*t*o* = 0, or Uq^ - 4f^o -3=0, 

which gives us the same values of -y that we obtained before. 

a Of 

Example 2. Let the given equation be (see 153) 

^*+ ai^— ^aay^— Saa^y « 0, 
here putting y^^UtVy dividing out a^ and putting J7 « 0, we find 

oUq-^ QaUo— SoUq^ 0, 

or Uq^ - 2Uq* - 31*0 «* 0, 

dy 
which irives us the same values we obtained before of -~^ . 

Examples. Let the given equation be 

y*+ aw*— Vw^tst 0, 
in this case we find, putting y s ux and dividing out ^, 

u^ « 0, 
hence, and therefore the three values of u^ are 0, 0, and oo . 

How to 4-+ 160. We have hitherto supposed that the values of 

proceed ' • * * 

when the , , , , , dy . i. ^ 

values of CB and y which make -j- assume the form - are or » and 

X and y dx 

^ ^^ dv y = • l>ut let us now suppose them to be «a? « a and y = ft, 

make-v- 
dx 
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. dy attvine the 

then putting w^a-¥w^ and y=.h-\-y^\xi the given equation — ^ ^ o 

/ 

^y not zero. 

will be the same thing as — , and x^^O y,^ will be the 

values of a and y which make --^ assume the form ~ ; we 

may therefore proceed as before. If the given equation be 

£7=0, 

and if we denote by J, £, C, D, £••. &c. the values of d^U^ 
dyUy d^Uj Std^dyUi dyU^ &c. when a? is put « a and 
.\ y ^b\ then, by 146, the result of substituting a + «^ for w 
and 6 + y^ for h will be 

Ax^-^ By^^ Catf'\-Dw^y^'\-Eyf^ &c.... = 0; 
if therefore A and B be not both zero, we have 

A + Buq — 0, 
and if A and B be both zero we have. 



and so on 

and we may find t^o therefore just as before. 

Let the given equation be (see 156) Example. 

U ^ ay*- 2a*y -2a?*+ Sa/i?*=»0, 

dy 
from which we wish to find 3— when /v « a, and .*• y ^hy 

dw 

then dgU ^ ^ 6a^ + 6aam when fl? = a, 

dyU - 2ay - 2a* = when y = a, 

d/£7= — 12^p + 6a = — 6a when w ^ a^ 

d,dyU = 0, 

dy*C7=:2a. 

Hence -<< = 0, -B^o, C=- 6a, D '^ 0^ jB « 2a, and 
therefore we have 

- 3 + Uo'e 0, and .'. Wy= =fc\/s as before. 



CHAPTER XI. 



DBTBRMINATION OF THB MAXIMA AND MINIMA VALUB8 OP 

FUNCTIONS 



Maxima 161. Thr Differential Calculus may be applied with 

navaluef great success to determine the maxima and minima values 

defiDed. ^f ^ function, i.e. those particular values which are either 

greater or less than any of the neighbouring values. 

If f{3f) increases when a? approaches a certain value a 
(supposing tV to increase continually), and diminishes when 
w passes the value a, then f(a) must be greater than any 
value of f(a) which is either a little less or a little greater 
than a, and is therefore called a maximum value of f{*v). 
And if fipo) diminishes when w approaches a and increases 
when w passes a, /(a) must be less than any value o{ f{x) 
which is either a little less or a little greater than a, and 
is therefore called a minimum value of f(a). 



Howthtte 162. Now by Lemma XVIII. /(^) is increasing or 

f(x) may diminishing according as /X^) ^^ positive or negative : there- 

mcaro^f**^ fore if f(a) be a maximum, /(a?) must be positive for all 

fM' values of w a little less than a, and negative for all values of «r 

a little greater than a; i.e. f'(a) must change its sign from 

+ to — when w passes through the value a : and, conversely, 

if f'{w) changes its sign from + to — when tV passes through 

the value a, f{a) is a maxiaium. 

In like manner if /(a) be a minimum, /'(«) must change 
its sign from - to + when ^ passes through the value a ; and 
conversely \ff'(po) does so change its sign, /(a) is a minimum. 

Hence by Lemma XVII if /(a) be a maximum or mini- 
mum, /'(a) must be zero or infinity : but of course, 8ince/'(a) 
may be zero or infinity without /(.r) changing its sign, it does 
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not follow that f{a) must be a maximuTn or minimum when- 
ever /'(a) iR zero or infinity. 

163. Hence to determine the mamma and minima ofR^\*i^or 
f(x), we must determine what veUfies of x make f\x) zero or m^ maxima 
infinity^ and try whether f (x) changes its sign when x passes J^j*."*"'" 
through each of these values ; those values which give a change 

from ■\- to — make f(x) a maanmum; those which give a 
change from — ^o + make f(x) a minimum ; and those which 
do not give a change must be r^ected. 

164. In applying this method to any example, we may Facton ot 
suppress any factor of f\oB) which we are sure is always i,e »up-*^ 
positive, or may introduce any such factor ; since we are not \^^^ 
concerned with the actual magnitude of f\w) but only its ceitain 
sign. This will often considerably simplify our operations, stances* 
as will appear. 

If therefore we find f\ai) in the form {ai) . y\f (.r), and 
if (a?) be always a positive quantity, then we may put 
fXai) = y\f (j?) simply. 

If («t?) be always a negative quantity, then f'(j>B) will 
have the same sign as — \^ (jxi)y and therefore we may put 

f'(x) - - >/, (*). 

165. If it be our object simply to examine whether /'(tv) 
changes its sign, and how, when w passes through a certain 
value a, then if (a) be neither zero nor infinity, we may 
suppose f'(jv) a + >// (a?) if (a) be positive, and f\x) « -x|^ (j?) 
if (a) be negative. 

For it is clear that if (a) be neither zero nor infinity, 
then for all values of co near a <f>(/t) has the same sign as 
<p(a)y and therefore 0Cv).x/^(j?) or f{^v) the same sign 
ab 0(a) >//^(«v), i.e. /"(,r) has the same sign as + >^ (•») or 
— yj/ (of) according as the sign of (a) is + or — for all values 
of Of near a, and therefore in examining whether f\^v) changes 
its sign, and how, when of passes through a, we may put 
f'{^) = + a// ijv) or - \\/ (w) according as (a) is positive 
or negative. 

8 
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We may therefore suppress all factors of /'(«) which do 
not become or oo when ^ « a, retaining only the signs they 
have when a ^ a. This is a very important simplification. 

^(u)iBa 166. If d}(u) always increases when u increases^ it is a 

or minw maximum or mmimum whenever t« is a maximum or minimum 

iT^/tt?* respectively ; for ^ = d/ (u) -— : and since d> (u) always 

alleys «* »^, 

increases increases when u increases, <f> (u) is always positive* and 

creases if , _ dd> (u) , , , . ^^ , 

not the re- therefore — ^j — ^ has always the same sign as -— , and /. 

verse is the doff dw 



case. 



(b (u) and u become maxima or minima at the same time. 
If ^ (u) diminishes when <r increases the reverse is the case. 
We often find this consideration of use in practice, inasmuch 
as it may in many cases be much easier to find the maxima and 
minima of <f>(u) than of t^. 

d^termme ^^'^' '^ -^'^^^ " ^' ^^^" ^^ Lemma XX, Cor. 4, f\.v) 

whether has in general the same sign as f\a) (*v - a) for all values of 

*"(l) ^ taken sufficiently near a : therefore if /*(a) be positive /'(-J?) 

changes Its chan&fes its siirn from — . to -i- when w passes tbroucrh the value 

sign when v ... ^»<.<»>»^ »»»»»»»» \ ^ 

passes a, which indicates a naawiRHMH ; and if /'(a) be negative the 
by the con- change is from + to ~, which indicates a maximum. If how- 
onh^*'""* ever f\a) = 0, let /"(a) be the first differential coefficient 
seconder ot f(/v)y which does not vanish when a^a; then /'(a?), (by 
ferential Lemma XX, Cor. 4), has the same sign as /"(a) (or — a)" ~* 
coefficient, f^^ ^^jj yalues of tV sufficiently near a. If, therefore, n be odd, 
/'(a?) does not change its sign when op passes through the 
value n; but if n be even it does, and the change is from 
— to + or from + to — according as /*(«) is positive or 
negative. Of course we here suppose that none of the dif- 
ferential coefficients are infinite. 

Simple in- 
spection IS These considerations will enable us to determine whether 

often the i./xvi , » ■, iiti 

best way / (^) changes Its Sign when a passes through the value a, and 
f,^ef*the" ^^ ^> whether the change is from - to + or from + to -. 
only way of But this is often more easily seen by simple inspection ; and 

making out •' »' r sr ^ 

whether indeed vfhen f(a) or any of the higher differential coefficients 
changes Its ®^® infinite, which often occurs, simple inspection is the only 
sign and method we can resort to. 

how. 
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By suppressing factors of f\ai) which do not change their 
sign (in the manner shewn to be allowable in 1 64, 165,) before 
we differentiate /'(^)» ^e may often find the sign of /*(o), 
or more properly, of that quantity which answers the same 
purpose as /'(a), with great facility, and avoid the necessity 
of being obliged to proceed to higher differential coejicients. 

168. If y ^b when or a a, and we can obtain a perfect When we 
developement in the form m the form* 

{i> \ A(x—a)r 

1+ >, +«,we 

(a* " d)^l '"•y imme- 

^* ^ ' diately lee 

n whether 

then by taking a near enough to a, we may make r;; y a rawa-*^ 

(.1? — a)* nnum or 

as small as we please, and then y - b will have the same sign >n»n>»nttin. 
as Aijv-- a)**. Therefore if m be an odd number or a frac- 
tion with an odd numerator and an odd denominator and A 
positive, ^ is < 6 when ^ is < a, and > b when a; is > a, and 
vice versa if A be negative: in this case therefore b is not 
a maximum nor minimum value of y. But if m be an even 
number or a fraction with an even numerator and odd deno- 
minator and ^-positive, then y is >6 for all values of <r 
near a, and therefore 6 is a minimum value of yi and if 
A be negative then y is less than b for all values of of near a, 
and therefore 6 is a maximum value of y. If m be a fraction 
in its lowest terms with an even denominator, then y is im- 
possible for all values' of w less than a {or for all values of x 
greater than a if y -^ b *b A {a — .r)** + /?}, in which case we 
cannot call b a maximum or minimum value of y. 

169. The following examples will shew the advantages 
of the method of finding maxima and minima here recom- 
mended. 

Let /(.r) = <r^ (ar - a)\ *'**'"P^« ^• 

then f'(jxi) = •*•* («^ — a)* (8.r - .'5 a) 

= 8ar — bay 

suppressing the factor x^ (jc — ay which is always positive 
see (l64). 

8—2 
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Sat 
Now 8iV — 5a >■ when cV s — , and changes its sign 

'jC^r/^u<UA^ from — to + when /r passes through the value — : hence 
^ ^ B — gives a minimum value of f{sii)y viz. 

Or thus /'(/p) a iKr - 5o; 



.-. /'(.v) siT; .-. /'(— ) " positive. 



which indicates a minimum by (167). 



w" 



Example 2. Let /C'p) ■* ^ — xi » 

(^ - a)* 

then /(^)=_— ^(-.2^-Sa) 

— — (StV + 80)9 suppressing the factor :- . 

Now — (2^ -f Sa) is zero when ,r = » and changes 

* 

its sign from + to — when a passes through that value : 
hence a? = gives a maximum value of /(a?). 

Or thus, /'C'p) = - (2^ + Sa) 

/«(a?) - - 2 ; •••/(- — ) = negative, 
which indicates a maximum. 

r.xHmpie:). Let /*(^) ** —: > »» being an integer, 

siniV 

1 .*// X ^ <^8 moo sin ^ — sin moo cos /r 
then / {00) « r-^ 

a m cosm/v sin/r — sin m.r cos« (]), 
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suppressing the factor . , 

sin X 

— cos m m cos x (m tan x — tan mx). 

Now it is clear from geometrical considerations that 

there is some value of mx between and — , which makes 

2 

tan mx^m tan/p: let this value be ma; then /'(a) — 0. Also 

differentiating (l), 

f*(x) « - (w* - 1) sin mx sin a?, 
which is negative when x ^ ay since nt* is > 1, and ma 

IT 

and therefore a between and — . Hence the root of the 

equation tantiSiV — m tan ^o which multiplied by m lies 

_ J TT , sinmx 

between and — makes — ; a maximum. 

2 BOiX 



T ^r \ /sintWcVN^ 
Let f(x) = f-^—- , 

\ sm X J 



Bzample 4« 



then fix) = 2 — r-i — (m cos mx sin a; — sin mx cos «») 
•^ ^ sin'^r 

s sin m^ sin x (m cos miv sin x — sin mtr cos x)^ 

sin^d? 



multiplying by the factor 

Now d? a a (see last example) makes /'(/r)«0; also 
sin tn or sin <r is positive when «i7 « a, and may therefore be 
suppressed so far as this value of x is concerned, therefore 
f (x) has the same value as before and is therefore negative 
when X =s a\ which indicates a maximum. 

Again, x*s — makes sinmx =^0^ and the product of the 

Other factors of f'(x) negative; therefore by (l65) so far 
as this value of x is concerned we may put 

f {jx) = - sin m.r ; 
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71" 

/. f^(af) = - wi cosmof = positive when ar « — , 

tn 

hence ^ « — gives a minimuDi. 

Examples. Let /(.v) - (f - a)^, 

then /'(^r)=f(ar-G)-* 

^ (P - Oj 

multiplying by the factor -ICv — a)» which is always positive; 

hence /'(o) « 0, and /*(«)= positive; and therefore j? = a 
gives a minimum. 

(For more Examples see Appendix K.) 

Maxima -j-j. 1^0. Let /(jxy) be a function of two independant 

of functions variables <r and y^ and let f(jVi y) be a maximum value of 
variable. fi^y)y determined on the supposition that y is constant and 
w alone variable, a*, of course being some function of y ; and 
again let f(ab) be a maximum value of f(jS\y) determined 
on the supposition that y is variable, a being the value of 
^, when y becomes h : then f{ah) is a maximum value of 
f(offy) when a? and y are both supposed to vary in any 
manner. 

For supposing w to have any value near *i7,, /(jViy) is 
>f{xy)\ and supposing y to have any value near 6, and 
therefore a?, some value near a, f(ab) is >/(^iy), and 
therefore a fortiori f{ab) is >f(^y)» Hence if wy have 
any values near a and 6, f(ab) is >f{wy)y and therefore 
f(ab) is a maximum value of fijvy)^ supposing ^ and ^ 
both to vary in any manner. 

Partial and We may call f(ab) a total maximum in contradistinction 
ma and to /(«V| y)y which is only a partial maximum determined on 
minima, ^j^^ supposition that only w varies. 

In the same manner if f(pD^y) be a partial minimum 
value of f(afy)y y being considered constant, and f{ab) a 
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minimuin value of /(/V|y), y being considered variable; then 
f(ab) is a toial minimum value of f{^y)' 

Hence a maximum value of a partial maximum is a total 
maximum, and a minimum of a partial minimum is a total 
minimum. 

Conversely, if /(a6) be a total maximum, it must be the 
maximum of a partial maximum ; for f{ab) must be >f(j»y) 
for all values of a and y near a and h\ therefore f(ab) must 
be >/(^i^)> y being supposed to have any value near 6, and 
therefore a? some value near a; therefore /(a 6) is a maximum 
value of f{x\y)y i.e. it is a maximum of a partial maximum. 

And similarly, it f(ab) be a total minimum, it must be a 
minimum of a partial minimum. 

Hence by finding the maxima of the partial maxima of 
f(jcy)y and the minima of the partial minima, we find ail the 
total maxima and minima values of /(ofy). 

And thus, by the methods already given of finding maxima 
and minima jof functions of one variable, we may obtain the 
total maxima and minima of functions of two independant 
variables. 

Let fipfy) = ^* + y* - ^axy^j Kxamplc. 

then to find the partial maxima and minima of f(ay) on the 
supposition that of is variable, we have 

which » when <r <» (ay*)^9 and evidently changes its sign 
from — to + when <v passes through this value ; which indi- 
cates a minimum. Therefore substituting a? « (a^)i in f(j»y) 
we obtain the partial minimum 

y* — 3a»y« = >Ky) suppose. 
Then to find the minimum of this, we have 

>/''(y) = 4y5(yJ-2o5), 
which = when y = or 2^ a: when y passes through the 
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former value yf/(y) changes its sign From + to — , and through 
the latter from - to + : the latter therefore makes yf/' (y) a 
minimum. 

Hence f{^y) has a total minimum value obtained by 
putting a ^ (a^i and y ^2*a; i. e. « « sia and y « 2^ a. 

(For more Examples see Appendix K.) 

Theequa- "I"!- 171. Since /(jn^xy) is a maximum or minimum on the 

d,f(xy) supposition that y is constant, it is clear that d,f(/vy) must 

djfixy)' ^'^come or 00 when a», is put for »r, and this being true 

a or 00, whatever value is assimed to «, it must be true when y = 6 

C1V0 Ufl o •' •' 

thowvalue* and therefore at •= a. Hence if /{ah) be a total maximum or 
t!h,Ai minimum, we must have 

make 

/(r»)t d^fi'Vy) = or eo ... (l) 

total maxi- 
mum 01 

mimmum. when a and b are put for .v and y. 

And in exactly the same way we may shew, by treating 
y as we have done «r, and of as we have done y^ that we 
must have 

^vf^^y) = ^ "»* « ••• (2) 

when a and h are put for .r and y. 

a and 6 are therefore values of ,v and y got from the 
equations (1) and (2) taken together; and these equations 
therefore give us all the values of x and y which may make 
fi/^'V) ^ total maximum or minimum. 

The method of distinguishing maxima and minima of func- 
tions of two variables given by Lagrange is often troublesome; 
and since it does not include the cases where any of the partial 
diflerential coefficients of f(jvy) become infinite, or where those 
of the second order vanish, it must be considered as very in- 
complete. 

How to find -(^ 172. When y and w are connected by an equation, 
and mini- and we wish to find what values of ,v make y a maximum or 
of^J^wher «^ini«num, we have only to differentiate the equation to find 
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^y an equation 

~- and proceed as before. The following example will ex- J^SJwTn 

*'^ , X and y. 

plain the process. 

Given y* - 4a'a?y -^ .v* ^ ... (i) to find what values of 
«r make y a maximum or minimum. 

We have, differentiating 

dy 
(y* - a* a?) -~ + ar' - a*y = 0, 
aw 



J dy or" " a^y 
and .-. -- = r 



3 • 



y B ~^ makes this zero, (at least if oo be not zero, for 

then --—=-, a case which we shall consider presently) ; 
div r j^ 

now if y = — we have in virtue of (l) 

— jf - 4fl* -- + ^7* — or «r* — Sa « 0, dividing out .r* ; 
o c' 

or A' e S&a, and .-. y s ^a ; 

these values put in the denominator of -j^ make it negative; 

dw 

therefore by (165) we may put 

^y « • 

-~- « «9y - ^ ; 
dio 

d^y .dy 

« negative, when we put of^ S^a and .•.-—- « ; 

.*. w ^ S^a makes y a maximum. 

Next, as to the value a?=:0 (and .*. y«0) we find, putting 

dy 
y»uoB as in 158 and dividing out ^, that t«o~0, and .*.--- ^0 

dtK 
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when X ^Oy therefore a ^0 may give a maximum or minimum 
ofy. To determine whether it does, put y^ua^ as in 145, and 
we have 

t**d?*" - 4a*t#ar+* + ar* - ; 

4m a m+ 1 gives m b -J^, and 4m or m + 1 < 4; .*. we may 
assume m •■ 4, and this gives u*'^ 4a*u ^ o when ^ s O; and 
.•- u « (4a')^, we therefore have 

y = (4a»)*ari+i2- 

Again, 4m s 4 makes 4m or 4 > m + 1, and must there- 
fore be rejected. 

And again, m + 1 « 4 makes m^ 3^ and .'. m + l or 

4 < 4m ; which gives us u » — - when m ^ 0^ and 

4a 






4 a 

Now by (l68), both these expressions for y shew that j^ » o 
is neither a maximum nor a minimum value of ^. 

It appears from what has been just explained, that when we 
put y cs WOT* |or y — 6 « « (a? - a)"* if ^ = a and y « 6 be the 
values we are concerned with}, then we may immediately reject 
any value of m which is not an even number, or a fraction 
with an even numerator and odd denominator : bearing this in 
mind we may very readily obtain the maxima or minima values 
of y. 

Lastly, ^ « — makes —- « oo, .and in virtue of (1) we 

a d*v 

have y « S"a, w^S*a. 

Now assume ofs^S^a-j-z, and y^S^a + usfs^^ and (1) 
becomes 
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which, bearing in mind the remark made in Appendix I 
respecting the rejection of certain terms, may be written 

6 • 8»o»ti^«»" - 4a*w«*+' + 8 . S^ax » 0. 

Here 2m a m + l gives m » 1 : 2m a 1 gives m » •^: and 
m + 1 "B 1 gives m ■> 0. All these are to be rejected, since 
they are not even numbers or fractions with even numerators 
and odd denominators. 

Hence it appears, that ar^S^a makes y a maximum, and 
neither w^O nor w » S"a make y a maximum or minimum. 



CHAPTER XII. 



TANGENTS AND NORMALS TO GURVBS. THE CURVATURE OF CURVES. 

THE BVOLUTE. 



The Differential Calculus is of great use in various parts of 
analytical geometry. We have already seen in (26) that it puts 
us in possession of a general method of drawing tangents to 
curves. We now proceed to shew that it admits of, not only 
this, but many other important applications in analytical 
geometry. 

u^r**'' ^7^- ^^ * "g^^ '^"® ^^^ (*g- ^) ^ drawn passing 

To find the through any two points of a curve, and if SPT be its limiting 

the taogeot position when Q approaches P, i. e. if the angle made by PT 

Sf^cu^e?*"^ PQ may be diminished ad libitum by sufficiently di- 

minishing the arc QP\ then PT is said to be a tangent to 

the curve at the point P. Let xy he the co-ordinates of P, 

ay these of Q, Z PTX ^ >^, then tan ^ is the limiting value 

of tan PRX when Q approaches P, i. e. of — — - when a 

approaches Wy which, by definition of a differential coefficient. 



d>y 
is -r— ; hence 
aw 



tan >i/ « -— . 



Hence if x^ y^ be the co-ordinates of any point on the 

tangent PT^ since it is a line passing through the point P and 

dy 
making an angle tan~'-— with the axis of tt, we have for its 

dw 

equation 

dy 
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174. The normal at the point P is the line PG (fig. 8) Cor. ^ 
which passes through P at right angles to the tangent PT : its tion to the 

.• • .1 * Normal. 

equation is therefore 

dw 

175. If we take a to represent the arc BP (fig. 6), 8 the P«>P<»»- 
arc BQ^ and c the cord PQ; then d%*'^ds* 

•k-dy'tiht- 
, , ing the arc 

8 ^ 8 8 ^ 8 C of the 

-7 "s , —J curve. 

W -^ as C X "^ W 



8—8 



Vl + {^rz^)\ «^ince c*= Or'- ^)*+ (y'- y)^ 

8—8 

Now when or' approaches a? the limiting value of — is 

-— , that of is ] by Lemma IX, and that of ~ — - 

dof c a? — tT 

is -— -, hence by Lemma VIII, we have 

dof ^ * 



it = Vl + (^]\ or d^^ dx^+ de. 
dx \dx) 



a? — tP 00' — X 8 — 8 Coi. 

176. We have cos PRX = = -, , and dx 

C 8 — 8 C =r/fC08i|f, 

when x' approaches x the limiting value of PRX is >^, that oi Jdtwn^, 

*— ; is — , and that of is 1 ; therefore 

8 — 8 d8 c 

dx 
cos yl/ = -—- , or dx •= d8 cos \l/. 

^ d8 

f f f 

Similarly sin PRX - ^^ « ^^^ . — ~ ; 

"^ C 8 — 8 C 

.*. sin ^^ = — ; .*. dy = d8 sin \^. 
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ntmrnfM' l^'J, If it be allowable to argue according to the me- 

^mZrf'^ thod of Leibnitz, spoken of in (84)» we may suppose Q 
Tnmtluf' taken so near P that the arc QP may be regarded as a right 
ofTptlmil ""® coinciding with the tangent at P, and PO, OQj PQ taken 
' reNpoctivoIy equal to doff dy^ da ; these differentials being re- 
garded as infinitely small : then we have immediately 

da » da cos >f^, dy m da sin yj/ ; 

dy 
and therefore da^ + dy*  d«*, and -— = tan \f/. 

dco 

Which Amnulsp are all correct results in consequence of a com- 
pensation of errors such as that shewn to exist in (85). 

l^hough this method of arriving at these formulae is not 
sufficiently exact for the purposes of elementary demonstration, 
it is useful in enabling us to remember and make out these 
formula). 

»wUu«. I7B. The line MT (fig, 8) is called the subUngent, 

mmniTlVm) MG the subnonnaU PG the normal. 

Hence 

sublangeni « ytxA^ « — * , 

subnormal « y tan ^ «s ^> — , 

nortnal « »secx!r « - — . 
^ ^ djt 

(F^MT examples of the use of these fonnulie sec Ap- 
)HNHtix I*.) 
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•4! 



> 



^* 



:i 



Now . IS essentially a positive quantity; wank. to 

1 + I "T" I to the left. 

\dml 



— -^ has always the same sign as --^ 
dw da 



Now if — -^ be positive, yb increases when w increases, and 

therefore the concavity of the curve must be turned upwards, 

as in (fig. 9), but if —p- be negative, y\f diminishes when w 

dx 

increases, and therefore the concavity of the curve is turned 

downwards, as in (fig. 10). Hence the concavity of the curve 

is turned upwards or downwards according as — -^ is positive 

dar 

or negative. 

And in the same way it may be shewn that the concavity 
of the curve is turned to the right or to the left according as 

-— is positive or negative. 

180. Hence if at any point -- — changes its sign, the Proposi- 

dor uon. 

concavity of the curve will change its direction, if the change mmepointw 

of sign is from + to — the concavity which was before turned flgj^unp"**^^ 

upwards will begin to be turned downwards, as at the point P 

(fig. 11); and if the change be from - to + the reverse will 

be the case, as at the point P (fig. 12). 

A point where the concavity of the curve thus changes its 
direction is called a point of contrary flexure. 

d'y 

Hence, by Lemma XVII, — - must be or oo at a point 

o *r 

of contrary flexure; and therefore, to determine where such 

points are on the curve, we have only to find what values of 

rf*y 
<i? make — - or x , and try whether ^, in passing through 
dtp* 
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each of these values makes — -- change its sign or not ; those 

wtir 

for which there is a change of sign give points of contrary 

flexure, and those for which there is not are to be rejected. 

It is evident that >^ is a maximum or minimum at a point 
of contrary flexure. 

(For Examples, see Appendix M.) 
1,^°**°*'' 181. -~- measures the rate at which the tangent changes 

To deter- . . . "^ 

mine the jtg position as wc sq alone: the axis of cV« and of course its 

degree of *■ , . . . 

curvature magnitude depends in part upon what position the axis of tV 

at any point • i 

index^or* occupies with reference to the curve. -—- measures the rate at 

curvature. ^* 

which the tangent changes its position as we go along the 

curve, and its magnitude does not at all depend upon the 

position of the co-ordinate axes, but solely upon the nature of 

the curve: the greater therefore the curvature at any point, 

d\l/ dyb 

the greater will be -j^ , and vice versa. ~ may therefore be 

as as 

called the Index of curvature at any proposed point, since it 

indicates the rate at which the tangent changes its position as 

we go along the curve ; i. e. the degree of curvature of the 

curve at each point. 

Proposition 182. If PS, QS, fig. 18, he two normals to a curve at 

respecting •' » -^ ' j'ts » ^ ^ 

the quan. the points P afid Qn and if p he the limiting value of rS 

* ^ ^' when Q approaches P, and c the chord joining PQ ; then p 

c 
is the limiting value of — ^ when Q approaches P. 

— c c sin S 

For --, = - — - . — — 
S sin S S 

PS smS 
" siiilPQS ' S~ ' 

Now by sufficiently diminishing PQ we may evidently make 

TT 

/ PQS differ from - ad lihihim ; therefore when Q approaches 
P, 1 is the limiting value of sin PQS; 1 is also the limiting 
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value of • - by Lemma X, and we suppose p to be the 

c 
limiting value of PS. Hence the limiting value of -^ when 

Q approaches P is p. a. s. d. 

183. Let y\f and y\/ be the angles which the tangents at Cor. 
P and Q make with the axis of a^ and «, s the lengths of the curvature 
arcs BPy BQ ; then since >//' - >/r evidently » z iS", we have j *^*^ ^ 



^'-^ /.y 



p 






Now when Q approaches P, the limiting value of ^ — -^ 
is -j^, that of is - by what has just been proved, and 

that of -7 — is 1 by Lemma IX: hence^ we have 

s *~* s 

da p' 

i.e. the index of curvature — - . 

P 

p is called the radius of curvature for reasons we shall 
hereafter explain. 

184. We may find p in terms of w and y as follows: S**^" 

To find the 
dy value of p 

we have \^ = tan"* -7— ; see (173). atanypomt 

^ dof of a given 



curve. 






d (-^j , since da?«+dy«=d«* (175). 



da^ J f^y 
d? 



Hence, since - = -p-, we have 

p ds 

9 
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1 dsf , (dy\ dxd*y - d^ady 
}''d? 



Idy\ ^ dxd^y - d^ofdy 
\dw) "* da* 

If we suppose a the independant variable, this becomes 

1 d^ d^ ^ dad*y 
p^ df? dco ds* 

From the expressions (1) or (2) we may find - when we 

r 

know the curve. 

Since -r^= -, it is clear from (179) that p is positive or 
d8 p 

negative according as the concavity of the curve at the point 
P is turned upward or downward. 

(For examples, see Appendix N.) 

Propoei- 186. Let P (fig. 14) represent the limiting position of 

To'deter- the point S in fig. 13, when Q approaches P; then PF^ is the 
SJ^rif.*" quantity we have denoted by p ; let AL (= a), LP" (= /3), be 
nates of the the co-ordinates of P', PK parallel to LM. Then, since PP^ 

extremity ^ 

evidently makes an angle y\f with the line PJT, we have 



I'-'p^^n 0), 

P = y + p cos \ff j 



which equations determine the position of the point P cor- 
responding to the point ivy of the curve. 

Propofti- 186. It is evident that the point P* changes its position 

To"find the ^^^ traces out some curve when the point P is made to move 
tracckl out *^^°8 ^^ curve BPQ ; we may find the equation to the curve 
byP' thus traced out as follows: 

when P 

aion^the Since p, \f/, and y are all certain functions of w which we 

^^^^ may find when the curve PQ is given, it is evident that we 
may eliminate Xy y, >^, p, from the equations (l), and so find 
a relation between a and )3 which is independent of a?, and 
therefore holds for all positions of the point P. This relation 
is therefore the equation to the curve traced out by P'. This 
curve has some curious properties, as we proceed to shew. 
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187- DifTerentiating the equations (I) we find 

da ^ dw '-' p cos y\fd>\f — dp sin >//, 

dfi ^ dy - p sin y\fdy\f -¥ dp cos ^. 

da dtV 
Now p cos yj/dylf « — — d\f/ (183, 176), 

and p sin ^d>^ » dy similarly ; 
hence da ^ -- dp sin >^, 
cf/3 « c^/o cos >!/. 
from which equations we find 

rf/3 



Remark- 
able pro- 
perties of 
this curve* 



da 



= — cot yj/, 



(2) 



da' + dfi^'^dp'' (3). 

188. Let B'P'Q^ (fig. 15) be the curve traced out byFintPm. 
P'i then the equation to the tangent to this curve at thefle^'ormal 
point P' is PP-touche. 

^ the curve 

^ d3 , . traced out 

da ^nc point 

JP*. 

or yi - j8 = - cot >/^ . (/Ti - a) by (2). 

Now this is evidently the equation to the line PF^ since 
that line passes through the point P', and makes an angle 

\!r + — with the axis of a?. Hence the normal PP^ touches 

the curve traced out by P* at the point P^ as we have 
represented in the figure. 

189. Again, if <r denote the length of the arc B'P^ of ^«>nd 
the curve B'P^tf measured from some fixed point B\ we have The curve 

'^ BPd is 

da -v/da^ + d)3«- i dp by (s): M^Jd 

of a string 

since p evidently decreases when o- increases in consequence unwound 
of the way we have measured o-, we must take the lower curve 
of these signs, and therefore we have ^* 

d(r + dp^ Oi 

9 — ^2 
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and .-. d (fi'P' + P'P) « 0, 
i.e. the length ffP^ -^-P^P a some constant, C suppose. 

Now let one end of a string whose length is C be fastened 
at ffj and the other end to the point of a pencil; and the 
string being full stretched let it be wound on the curve ffP^ 
till it touches it at P'y and therefore coincides with PP in 
direction: then since the length of the string is C, which 
^ B^P^ -^ P^Pf the pencil point will be just at P; and this 
is true whatever point of the curve P may be. Hence if we 
unwind the string off the curve B^Py the pencil point will 
. trace out the curve BPQ, 

fn^huac- '^ ^® ^^ ^^^^ account that the curve B'PQ' is called 

^^YJ^\ .^ the evolute of the curve BPQ. 

called the ^ 

BPQ. (For examples see Appendix O.) 



CHAPTER XIII. 

1>0LAR FORMULAE, DIFFBRBNTIALS OP AREAS, SURFACES, 

AND VOLUMES. 



We now proceed to investigate certain formulas analogous 
to those of the last chapter, supposing the curve referred to 
polar co-ordinates. 

190. Let APQ (fig. 16) be any curve referred to polar Proposi- 



co-ordinates; SP^r, PSA^0; SQ^Vy QSA^ffy chord ^^nd 
PQ'^Cy arc AP^s, arc AP^^s: then ^. 






Now c* = r'* + r - 2rr' cos {ff - 0) 

= (r' — ry + 4rr' sin* *, 

6' — 6 
putting for brevity « = , and cos 0'— ©« 1 - Ssin^jv. 



Let ff approach 0, and therefore x zero ; then the limiting 

^ *'-* . ^* .1- . -«'-*. ., - sin» 
value of ;:; — - IS -77:, that of IS 1, that of 

is also ]» and that of r is r: therefore we have 



ds 
dO 



= V ( j^] + r\ or rf* = \/dr» + r» rf©*. 
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Thu result ^^^' This result we may also prove as follows. 

deduced 

'^^«l« By (175) d, - v/d«» + dy', 

formuuu 

but Of bt cos 9y y mrsind; 

dy rs dr sin d + r cos dd; 
.-. da^'¥dy'^df*-¥r^d0'; and .-. ds ^ \/d?T^^d¥. 

P«P<«- 192. Draw SY perpendicular to the line QPT which 

To And p passes through the points P and Q, and draw PO perpen- 
dicuKjon" dicular to SQy then by similar triangles 

the tangent 

SY~SQ.-p^~r 



r r . 



8in(e'-0) d'-d /-* 



^-0 



8 -S 



Now let d' approach 6; then the limiting position of the 
line QPT will be the tangent at P; and therefore if p be 
the perpendicular from S upon that tangent, the limiting 
value of SV will be p. Hence, by Lemmas IX and X, 
we have 

d0 



Cor. 

This result 
deduced 
from rect- 
angular 
fonnulsB. 



193. This result we may also prove as follows. 
The equation to the tangent is 

dy 

and the perpendicular p upon this line from the origin is 



dy 
dof ^ 



^7^0"" 



ady — ydx y 

or _ , since ds — y/da^ + dy* ; 

as 
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hence, since y « r sin 0, /r » r cos 9 ; 
and therefore dy « <ir sin + r cos OdO^ 



we have 



d(v B dr cos — r cos d d9. 



»dy — y dflf « r* dd. 



and therefore p 



7^d9 

ds 



194. Sin OQP 



OP rsinCd'-©) 



rsin(d'-0) d' - d /-« 



ff ^9 



8' --8 



Now let ^ approach 9y then if ^ be the angle which 
the tangent at P makes with the radius vector SPy the limiting 
value of OQ,P is <p. Hence we have 

sin d> =» -^— . 



Proposi- 
tion. 

To find the 
sine and co- 
sine of the 
angle un- 
der the tan- 
gent and 
radius vec- 
tor, viz. 0. 



Hence 



Hence 



COS(f> 



^/-^ 



v 



tan (b 



dr 
ds 

rde 
dr 



da* - r« dy 
ds' 

by (191). 



1 95. Since p « r sin ^, we have from this 

r'dO 



pm 



ds 



as before. 



Cor. 
s hence 
found. 
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P-P- 196. tan OQP^Z' /"°^^"^^. 

taDd» inde- ^ ^ 

penoantly __ Cf — (7 , .^ ^. , , 

of the pre- Here put = «, and cos (0^ — 0) « 1 — 2 sm'^tr, 

ceding 2 

articles. 

then tan OQP = — 



r — r + 2r sin** 
r«iQ(ff- 0) 



ff-e 



r ^ r sin z 



ff-d 



+ r sm z 



Now let d' approach Of and therefore )» zero; then the 

sin(0'-0) r-r sin « 
kmitmg values of — ^ — - — , ^ — ^ , , and sm », are 

U ^ U C7 — Cr Z 

respectively 1, — , 1, and zero; hence we have 

r rd0 
tan « -— K — -~ . 
^ or dr 

Cor. 197* 'l^he line drawn from S perpendicular to the radius 

polar sub-^ vector to meet the tangent is called the polar subtangent; it 
tangent, evidently is equal to 

r'de 
r tan 0, or - — . 

dr 

These for- 198. If it be allowable to argue according to the method 

proved by ^^ Leibnitz, spoken of in (84), we may, as in (177)9 suppose 

Leibnitz' 

"tSj'SJn- QP-d*, QO^dr, OP^rdO, ^OQP^ip: 

and hence we get 

ds « \/r*d6* + dr*, sin (b = --;— , tan = — -— , 

^ ds ' dr 

. ^ r>d0 , ^ ^ r^dO 

p Bi r bin as — — , polar subtangent = r tan « — — . 
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This method of arriving at these formulas will enable us 
to make out any of them very readily, in case we forget 
them. 

(For Examples of the use of these formulas see Ap- 
pendix P.) 



199. 
we have 



If >/f be the angle made by PT with SA^ then Propobi- 

To fiDd p 
m terms of 

y\f ^ B + <f>y and .-. d>/^ « d© + d^. '^«*P- 



Now j9 s r sin ^9 and 

.'. dp B drsin^ + r cos <f>d(p 

, rdO rdr _ ^ 
=• dr—p- + -7— dd} 

d8 da ^ 



rdr 

da 



rdr 



(de+d(t>)^—-dylf 



da 



dyjf _ 1 



rdr . ^ -r - • X 

, since — ~- = - (183) ; 

p da p 



hence p » 



rdr 
dp 



200. We have as in (199) 



_, J n 

>// = + = tan-^ — — + 0, 
^ ^ dr 



PlOpObl- 

tion. 

To find p in 
terms of r 
and 9. 



hence differentiating, supposing dO constant, we have 



1 - 



dylf » dO 



rd^r 



1 + 



d^^ 



+ 1 



Zdr^ - rd^r + r*d9* 

« dO r-5 9 since rf6* = d/*'-i r^df^', 

d«* 



1S8 
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hence p 



ds 



ds' 



d yf^ de (2dr' - rd'r + t^dO*) 

da" 



or 



d0(cir»4 d^ ^rdfr) 



Cor. 
The same 
result de- 
duced from 
lectangular 
forrouie. 



201. T|)is result may also be arrived at thus. 
We have by (186) p.^-^-^fL__. 

Now dy a dr sin d H- r cos d 0, 

d^y « d'rsind + 2drcosQdO - rsin^dfl*, 
dof '^ dr cos 9 — rsixiOdO. 
Hence 
d^yda = (drd^r - 3rdrd0') sin cos 

+ 2di^cos''9.d0 - r((Pr-^rdff')Bin*e.de. 

Now d^ady is evidently got from this by putting 

instead of ; hence we evidently have, putting sin for cos 0, 
COS0 for sin0, — dO for ddy and subtracting 

^ydx - cP^rfy « dO (2 dr* - rcPr + 'i^d6^)y 

de^ 



Propcsi- 202. If p increases when r increases, it is easy to see that 

To^find ^^^ concavity of the curve is turned towards the pole, and if 
whetherthep diminishes when r increases, it is turned from the pole. 

concavity *^ ^ -r i . • . 

of the curve Hence, by Lemma XVIII., the concavity of the curve is 

istuinedlo , 

pole?™ ° turned towards or from the pole according as — is positive 

or negative. 

(For Examples see Appendix P.) 

The use of the following formulae respecting the dif- 
ferentials of areas, surfaces, and volumes cannot be shewn 
without the assistance of the Integral Calculus. 
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The Integral Calculus is the inverse of the Differential 
Calculus, its object being to find the quantity from which a 
given differential is derived. When the student becomes 
acquainted with it, he will perceive the importance of these 
formulae. 

203. Let BPQ, (fig. 17) be any curve, AM^a, MP^y, Propou- 
AN — afy NQ s y\ the co-ordinates of any two points P and Q To'find the 
of it. Let A denote the area BPM and A' the area BQN ; d>ffere«^toai 

01 8J1 Er6&. 

draw PO and QR parallel to MN to meet NQ and MP 
in O and R, 

Then area MPQN lies between MRQN and MPONy 

i. e. A' ^ A lies between y* (j» — a?) and y {job - ai) ; 

A'- A 
.*. —7 lies between y and y. 

Of — a» 

Now j/s" y when w ^ x^ hence by Lemma VII. y is 

A' -A 
the limiting value of — ; when a' approaches w^ i.e. 

iV — Of 

-r- = y, dA = yd.v, 
dx ^' ^ 

204. Let V and F' be the volumes generated by the revo- Proposi- 
lution of the areas BPM and BQN (fig. 17) round AN^ then xo^find the 

differential 

vol. gen. by MPQN lies between vol. gen. by MPON and ?e?oimlon.^ 

vol. gen. by MRQN, 

i. e. F' — F lies between Try* (^'- a?) and Try'* (a;'— a?) ; 

r- F . 

lies between Try' and Try'*; 



tv'- x 



dV 
.'. as before —— « Try*, d F = iry^dx, 

dw 

205. Let «9 and S' denote the surfaces generated by Propoei- 
the revolution of the arcs BP and BQ about AN (fig. 17); To find the 
let 8 denote the former arc and a the latter; produce po <i»ff«rential 
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of retol?-*^* to U and QR to T, so that PT and QU shall each be equal 
uon. to the arc PQ. Then we may evidently assume that 

surf. gen. by PQ lies between surf. gen. by PT and 

surf. gen. by Q(7, 

i.e. S' — S lies between g-jry {s - «) and 2wy' (/— «), 

.-. -7 lies between 9iry and 2^y'. 

« — * 

d5' y 

Hence as before --- «27ry, or dS^^'Kyvdnf+dv*. 

ds 

P™P^»- 206. Let JPQ (fig. 18) be a curve referred to polar 

rrfind the co-ordinates, SP « r, a^Q = /, PS J = 0, (2*9-4 ^ ff : let ^ 
of a^ polar and A' be the areas j^^S^P and ASQ; describe the circular 
*'^"' arcs PO and Q/J round S as center. Then 

area SPQ lies between area SPO and area SQR, 

1. e. -4 ^ A lies between and — ^ ^ ; 

2 2 

A' — A , r* /'* 

.-. --; — ;r lies between — and — . 
ff^e 2 2 

dA r^ 
Hence as before ---- = — . 

dd 2 

TheNime ^^7- This result may also be obtained as follows : draw 

jestt]* de- PM perpendicular to SMj then SM « a? and PM « y will be 
iherect- the rectangular co-ordinates of P, let B be the area APM, 
rm"iii. then by 203 

dB ^ydwy 

but fi = area SPM - area SPA 

2 
grfy -H yd x 



.-. d^ = - 



xdy — yrftV 
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Hence as in (193), 



208.. The result 2dA^xdy 

—ydx, 

2d A «= wdy -^ ydof 



is of importance. 



CHAPTER XIV. 



ASYMPTOTES. 



AnAsymp- 209. It often happens, in the case of curves which have 

tot6 wh&t. 

infinite branches, that when the point of contact is moved 
off to an infinite distance from the origin, the tangent remains 
at a finite distance, or, to speak more accurately, approaches a 
certain limiting position which is at a finite distance from the 
origin. In such a case the tangent or rather its limiting 
position is called an asymptote. 

PropoeU 210. The equation to an asymptote, when one exists. 

To deter- may be thus determined. 

mine the 

an^as'm**-** ^^ *^^ equation to the tangent, which may be written in 

tote of a the form 

curve. 

dy dy 

ax ax 

put - = w, and therefore - 3» ~ -7- > 

tP w dsB or dx 

and it evidently becomes 

' \x dxl ' dx 

put moreover 

cV = - , and .•. dx ^ r » - a^dz^ 

z sr 

and the equation reduces to the following form 

/ du\ du 

Now if the curve be of such a nature that when x ap- 
proaches 00, i, e. when z approaches zero, the limiting values 
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of u and •— are finite quantities A and B ; then the limiting 
form which the equation to the tangent assumes is 

y^ = Ax^ + B, 
which therefore is the equation to the asymptote. 

211. It is very easy to find A and B in all cases from How to find 

I MM ^ vid B. 

the equation to the curve, by putting a; » - , and y » — in 

X X 

that equation, and so finding a relation between u and x: then 
A being the limiting value of u when x approaches zero may 
be found by putting « &s 0, and By which is the limiting value 

of — when x approaches zero, may be found by differentiating 

the equation and putting x ^0. 

Let ai^-\- Saioy --y^^Ohe the equation to the curve ; then Example. 

I u 

putting « 85 - , ^ Bs — and multiplying by ^ we find 

1 + Saux - M*=s 0, 

and differentiating 3au + (Sax ^ 3u^ -— = O; 

ax 

du 
in these equations put «=0, and .'. u^Ay ■— =^, and we find 

dx 

l-A^^O, SaA "SA^B^O; 

.-. ^ « 1, B^Ay 

and the equation to the asymptote is therefore 

y ^ CO •¥ a. 

212. If A and B turn out to be impossible or infinite, There may 
then there is no asymptote corresponding to an infinite value of ^^^^p^^^ 
the abscissa : but there may be one corresponding to a finite corre^pond- 
value of Xy for the point of contact may go ofi^ to an infinite finite value 
distance from the origin for a finite value of Xy y of course mustbe^ 
becoming infinite. Such an asymptote cannot be found by the Jj{5"^,gg 
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method just explained, since in that method we suppose x in- 
finite ; but it is easy to see that whenever the ordinate becomes 
infinite for a finite value of w^ it becomes an asymptote, and 
therefore if a be a finite value of a which makes y infinite, the 
line whose equation is or s a is an asymptote. Therefore all 

we have to do in a case of this kind is to put ^ >= - in the 

equation to the curve, and then make z^0\ and if this gives 
us a finite value of Wy a suppose, ^ ^ a is the equation to the 
asymptote. 

Example. L^t the equation to the curve be 

f^x — «' — Say* = 0, 

putting y ss — , iT 3B - and multiplying by «^ we find 

ss z 

w* — 1 — Slau^z = 0, 

and dmerentiatmg (2«* — ^auz) 2a«"«s o, 

dz 

in these equations putting z^O^ and .*. u^A^ — =£, we find 

dx 

j<«- 1 = 0, B -aA^O, 

.-. ^ = ± 1, B^^Gy 

hence there are two asymptotes corresponding to o^ » oo whose 
equations are 

y = .r + «» and y « — .r — ff. 

Moreover, putting y = - in the original equation and 

z 

multiplying by »*, wc find 

cs — ai^z^ — 2 a = 0, 

and therefore when » = 0, (r«2a, which is a finite value; hence 
there is another asymptote whose equation is 

«p as 2 a. 
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When therefore our object is to find all the asymptotes of 
a curve, we must not forget to try whether there is one cor- 
responding to a finite value of m. 

213. We may consider asymptotes somewhat difPerently, Asymptotes 

J V • 1 • ^i_ j» 11 • considered 

and perhaps more simply, m the following manner. somewhat 

differently. 

By putting - for at, and — for y in the equation to the 

curve, we find a relation between u and z ; and if u and -~— 

ax 

have finite values A and B when iv » 0, we may by Taylor^s 

Theorem assume that 

u ^ A -¥ Bx + R\ 

where R is some quantity, such that zero is the limiting value 

of — (i. e. of Rw) when z approaches zero, i. e. when x 

z 

approaches infinity. 

Therefore, restoring /» and ^, we may assume that 

y s Aa + A + Rof. 

Now let jBP, fig. 19, represent the curve, AM^w^ MP^yi 
also let B^P^ be the line whose equation is 

y = Aw + jB, where y' = MP^^ 

then PP^ ^ y -- y ^ R^ ; 

therefore, since zero is the limiting value of Rss when at 
approaches oo , PP^ may be diminished ad libitum by suf- 
ficiently increasing cV. Therefore the line B'P continually 
approaches the curve BP as we go off to an infinite distance 
from the origin, but never actually meets it, though we may 
make PP^ as small as we please. A line thus circumstanced 
is called an Asymptote, and we may find its equation just as 
before, since A and B are the same quantities as before*. 

214. We may determine the asymptotes of a polar curve Proposi- 
as follows : *«"»• 

* See note, page 154. 
10 



14v AMnoTonrwB id volab cok 



Tf dcicr' Let the equatioD to the ctinre be put in the form 



fftjtff iii^ 






wliatlMf I 



zS^^ then, siiioe 4r»roos0, ysrdntf, we have, putting - for m. 



and — for y^ 

M 



' -^^^^..(1) «-tan0...(2); 



rco00 CO00 

tff^ dtanO 1 

" ^* " ^f/(^H */'(«) «>se+/(«) sine*" ^^^' 



|C08 



ij 



Now let a be a value of Q which makes r infinite, and 
therefore 



fi&) (which - i) - ; 



then B a makes « — by (l)*; and therefore if A and jB be 
the values of u and -j- when « « 0, we have by (2) and (3), 

A ■• tan a, J5 « -r?- 



/'(a) cos a ' 

and therefore the rectangular equation to the asymptote re- 
quired is 

1 

y - tan a . 0? + ^jj-r-r . 

/ (a) cos a 

or ^  - — —  if a n ~ ; gee note. 

2 



/'(i) 



«* 

* £xeept wh«n a a z- , in which CAse « aMumes the form g when 9 = a, and its 

llmitins value when 6 approaches a is -//^ | ; •*. Jfg- j > makes t* and there- 



i»-/(5);.-. *=-j4rinakes 



tbrt y infinites therefore hy 212 «a- "^iiiv-is the equation to the asymptote. 



^ 
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216. We may also obtain this result as follows. stimmwiU 

Let a be the angle which the asymptote makes with the^g^'^^I 
prime radius ; then it is evident that ^ a ought to make ^y- 
r infinite, and therefore /(a) must be zero. Let the rect- 
angular equation to the asymptote be 

y « tan a (or + c) (2), 

which, putting r'cos r sin for jv and y, becomes 

, c sin a 

r « 



sin (0 - a) * 



. *•' . /(g) '' u n 

hence — = c sin a . r^^ r — - when « a. 

r sm (0 - a) 



/ 



Now the limiting value of — when approaches a ought 

to be unity, from the nature of an asymptote; but by the 
usual method of vanishing fractions this limiting value is 
c sin a /"(a). 

Hence we have c sin a/' (a) = 1 ; 

and .*. c sin a ■> -zj-r-r' 

The equation to the asymptote is therefore {substituting 
for c in (2)}» 

1 

y = or tan a + jrr\ • 

cos af (a) 

We have here obtained the rectangular equation to the 
asymptote, because it is easier to make use of it than the polar. 

Let r B - be the equation to the curve; here Example i. 

u 

f(0)"-i and .-. a-0; also/(6>)-i; .'./'(a)--; 

therefore the equation to the asymptote is y » a, which re- 
presents a line parallel to the axis of « at a distance a above it. 
See fig. 20. 

Let r « — ^ ~ (a hyperbola referred to focus), Kx«mpl« 2. 

1—6 cos 

10 — 2 
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and .*. cosa — -, 8ina« * \/ 1 — i— ± 

e €r e 

tan a « sfc \/c* - 1. 
Also /'(d) --^1^- .-./'(a)-* ' 



hence the equation to the asymptote is 

y ^ ^ \/ej*— 1 . io ^ae\/e^ - I, 

or y = db - (^ + ae), 

which shews that there are two asymptotes making angles 

tan"^ -» and —tan"* - with the axis of w^ and meeting it at 
a a 

a distance ae behind the origin. 

Asymptotic 216. It Sometimes happens that r assumes a finite value, 
what.' c suppose, when we put ^ oo in the polar equation to a 
curve: it is easy to see that in such a case if we describe 
a circle round the pole with radius c, we may by continually 
increasing Q make the curve approach as near as we please 
to this circle without ever actually meeting it. Such a circle 
is called an asymptotic circle. 

ad 

Example. L^^ ^ ^ . ^\^q^ d ■» 00 makes r ^a\ therefore by 

continually increasing Q we may diminish r '-' a ad libitum, 
and therefore make the curve approach as near to the circle 
as we please without ever actually meeting it, since it requires 
an infinite number of revolutions of r to make r ^^^ a. 

The circle in this case is an exterior asymptote, since r 
is evidently always less than a, (see fig. 21). 

If , , _f^ be the equation, r is always greater than 

a (at least when is taken large enough), and therefore 
the circle is an exterior asymptote. 



CHAPTER XV. 

ON THE MSTHOD OF TBACINQ THB OBNIOUL FOBM OP A CUBTK 

FROM ITS EQUATIONS. 



It is often necessary to make out and trace the general 
form of a curve from its equation, without actually calcu- 
lating its exact dimensions, or ascertaining the precise positions 
of its remarkable points: we now proceed to state how 
this may be done in most cases. 

217* If we can find y in terms of a^ it is easy in general How to 

to trace the general form of the curve by detei^mining the ^"^ when 

values of of which make y^-O or oo, the corresponding values ^* <^J"*|[|<* 

dy , . ofx. 

of -J-, and the signs which y has between its zero and in- 
dx 

finite values. We may do this in the following manner, viz. 

In one column write in order the values of «r which make 

y «= or 00 , and in addition to these, the value ^ « oo : 

opposite to these values, in another column, write down the 

corresponding values of y, and between each two put the 

sign which y has between them {y will always have the same 

sign between each two of these valuen, since it can only 

change its sign in passing through or oo): and in a third 

dy 
column put the corresponding values of -— . By means of 

dw 

such a table it will be easy, in most cases, to trace the general 

form of the curve, as the following example will shew. 

218. To trace the general form of the curve whose Example, 
equation is 

»v' .r + tf 

a a' — a 

here y is zero when .v = or —a, and infinite when <v«a: 
hence the values of .v to be written down arc — a, 0, a, oo ; 
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the corresponding values of y are 0, 0, oOf oo : and by dif- 
ferentiating, or rather by the method given in the note*^ 

dy I 

we shall find that the corresponding values of — are — ^, 

0, 009 oof; also when ^ is < - a the sign of y is +» when 

How to find * To find the value of the differential coefficient of f(x) when tt^a, suppoeing 
J'(tt)yery a to be a value of x which makei» /(4r)»0 or eo, we have only to divide f(x) by 
readily f(x) 

when /(a) ,_« «,d then wt x^ai for iff(o)^Oyiht limiting value of ^-^— ^ when * ap. 

proaches a it /'(a) by Lemma XIX.; and if/(a)aeo , ^^^ becomes 00 when jrso, 

and thus gives the proper value of/'(a)^ whieh by Lemma XXIII. we know to be 
00 . In either ease therefore, %fwe dvnde f (x) ^ x — a and put x = a, M« reettU will 
be the proper viUue of f '(a). 

Thus let /(*)= 3—; then if we divide by 4r-|-a and put *=— a we obtain 

immediately /' (~ a) » - ^ - If we divide by x and put jr » 0, we find /' (0) » 0. If 
we divide by jr~a and put xs a, we find /'(a) boo. 

To find y t The values of y and -% - when jrsoo may be easily found thus. 

when Suppose y to be in the form of a fraction >- , put u in the form :ir{A-\- R) and 

V in the form a* (J9+ R\ where R and R' are quantities which vanish when «boo ; 

then y = ;r— -j^^j:^; 

and therefore, if msn, V--^ when jraseo; if m be <n, ysO when x^tc\ and if 

m be >fmf » 00 when jr» ee . It is always quite easy to put an algebraical function 
of X in the form je*{A + R) by examining which term contains the highest power 
of jr, and making that power appear as a factor of the whole. Thus 

.r«-|.3*a+6^;r» (8 + ] + |,) «*«(8 + /l), 
a^x + ax y/x*-a* + ax* = *« (a + « VI - "i + ~) «*'(2« + ^)- 

To find -s^ when 4r=:oe; it is easy to see that if m-n be >I, supposing 

a X 

V="^'* irr~R* thenj^ssoc when *=oc; if m-n^l, then J"-^ when 

dy 
«so»; and if m — n be <1, then j^ sO when jtsoo. So then we may very readily 

flu 

find ~ at the Mme time that we find y correspondmg to the value x:=90. 
For exi»nip1e) if y = ' ; we may immediately put it m the form 



a ss 00 
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w is >- a and <0 it is -, when a is >0 and <a it Is -» 
when X \% >a and < oo it is +. Hence the table will be 
as follows. 



fC 


y 


dw 




+ 




— a 





-\ 











a 


00 

+ 


00 


X 


00 


00 



y-' 



0*1) 






dy 



.*. vsoo, and -;^ a 00, when jp s 00 
ax 



(X 4* a\' 
1 . 



"M-'i^. 



then y s 



/, y s eo , and 5*^ = 1> when 



«sOO 



For R third example, let y s 



(*-6)(*-o)' 



;ra 



then y B 






-(f^^lJFl) 



1 o»-t-/l 

*'l+/l 



# » 



/. y = 0, and t* =s 0, when x t*co . 
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From this table it is immediately evident that fig. 2S 
represents the curve. For if we take AXj AY as axes, 
AB B a, AC s ^ a ; then the table shews that at the point 
C the curve passes from the positive to the negative side of 
the axis of x at an angle tan~' (- -j^), as is represented in 
the figure; that it touches the axis of a at A^ but does not 
cross it; that it goes off to an infinite distance when w « AB\ 
and when a becomes greater than AB it appears on the posi- 
tive side of the axis of «, evidently in the form FPG, for 
y is infinite when a « AB^ becomes and continues positive 
when jf is greater than ABy and becomes infinite again when 
w is infinite ; y therefore must decrease as w gets greater than 
AB as far as a certain point after which it must increase, 
again in order that it may go off to infinity when m becomes 
infinite without becoming negative; from which, it is evident 
that the curve must be in the form FPG. Since y and 

dy 

-7— are both infinite when .v s 009 they must be very large 

dx 

when X is either a very large positive or a very large nega- 
tive quantity, and therefore the curve must run off to infinity 
on the positive and negative side of the axis of y in the manner 
represented in the figure. 

Repicnen- 219. In the plates marked M the Student will find some 

figurwof of the different cases which may occur in tracing a curve 
casenvhich ^represented by figures, to which he will find it useful to refer, 
may occur. Under each figure is set down the corresponding line in the 
table from which the figure is deduced. By means of this 
plate the use of the table will appear evident. 

To deter- 220. Thus we are able to trace the general form of the 

form of the curve ; but this method does not always shew us the points 
precwdy,"* ^^ contrary flexure of the curve; to determine which we must 
wemubt resort to the method given in (180). Thus in the present 

examine .,., , 

whether ii case, differentiating y twice, we get 

has any 

"•""'• d.r«" {x-ay ' 

the only real valuos of -r which make this s o or oo are x s a, 
.V Si a — 9Sfi or -n{Z^ -\): so that there can bo only two 
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points of contrary flexure ; which indeed the figure shews, for 
there must evidently be a change of flexure somewhere between 
C and A, since the concavity of the curve is turned upward 
at C and downward at A ; also there is evidently a change of 
flexure at B. There is no change of flexure elsewhere, and 
therefore the figure represents the precise form of the curve. 

221. In order to determine still more minutely the form We may 
of the curve, we may find the points where the ordinate is maximum 
a maximum or a minimum ; to do this in the present case, ^^ "^^l: 

' Mr y mum oidi- 

we have nates, in 

J -s ^^ a order to de- 

oy ^ — q^ - g ^ termme the 

"1 ^ * Z Ti" • form of the 

dOf a(af - a) curve moi« 

minutely. 

and therefore, when -—- » o, we have 

da 

ai^ — aor* — a^m « 0, 



which gives .t? = 0, and j? = - «t \/ — + a*, or ~ (l =*« v 5) ; 

2 4 « 

which three values correspond to the points A^ Q, and P. 

222. When the curve has asymptotes, it is often useful AsymptotM 
to find them ; for they enable us to see more clearly the nature givmgusan 
of the infinite branches of the curve; for example, take thcj^®*ner^n 
equation which the 

* / \2 blanches 

\(V + ay oi a curve 

y « a?7 Tji . JfOOflflO 

\JV *~ Ct) mfinity. 

Forming a tabic as in the former case, we find 



X 


y 


dy 
dx 




_» 




— a 













+ 


1 


a 


CO 


00 


00 


00 


1 
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O. « 




Since* y^wl Z I « ^ (i 4. — + &c.) « a? + 4a + If, 



Off 



where R becomes when /v « co , the curve has an asymptote 
whose equation is 

y ^ w •{- 4fa. 

Hence, take JC (fig. 23) = a, AB ^ a, AN=^ay and 
draw the line DMNGy making Z45'* with AXy and the line 
BF perpendicular to AX. Then DMNG is an asymptote 
to the curve ; the curve comes from infinity below the axis of 
«r, touches it at C, but does not cross it, crosses it at A at an 
angle 45°, goes off to infinity as it approaches the line BFy 
appears on the positive side of AX when it passes BFy and 
then turns off towards the line DMNG as its asymptote. 

(For more Examples, see Appendix S.) 

troce a^ 223. We may trace the general form of a curve referred 

curve from to polar co-ordiuatcs in a similar manner, by putting down the 

(equation values of 9 which make r zero or infinity ; but as there are 

often no such values, or only very few of them, a table of 

those values is not in general sufficient to indicate the form of 

the curve. We may in most cases perceive the form of the 

curve by considering whether r increases or diminishes as it 

turns round ; and this we may see, either by simple inspection^ 

dv 
or by finding -— and examining whether its sign is + or — , 

du 

which will tell us whether r increases or diminishes with Q. 
There is no use however in putting down the values of 

— - as we did those of -— in the case of rectangular curves : 
dO dof 

but it will sometimes be advisable to put down the signs which 

* It very often happens, as in the present example, that we can immediately put 
y in the form ^ j*+ j5 -»- A, where R becomes when or = oo ; in such a case we have 
no need to resort to the general method of finding asymptotes given m the precedmg 
Chapter. 
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— has, in order to see whether r is increasing or diminishing 

. dr 

with 0. When r is negative, -j^^-^i indicates a diminution in 

the absolute numerical value of r, and vice versd. 

It is sometimes necessary, in order to make out properly 
the nature of the curve, to put down a few of the values of r 

corresponding to such values of 0, as — , tt, — 

... &c. 



w 3^ TT 3ir 



• ••""""■, *■" " , 
2 2 



When d « a makes r « o, it is clear that there is a tan- 
gent at the origin making an angle a with the prime radius. 
When d ~ a makes r « oo , we must find the corresponding 
asymptote. 

It is usual to neglect the negative values of r in tracing 
polar curves, but there is no reason whatever to justify 
this omission, and we shall therefore always consider these 
values to be, as they really are, just as important as the 
positive values. 

224. In measuring positive and negative values along r. Positive 
it will save mistakes, to suppose an arrow-head fixed upon the tive vafiT^ 
radius vector to revolve with it as Q increases; then this arrow- **'^'» *^**^ 
head, supposing it to point in the positive direction when d^o, 
will always continue to point in the positive direction, whatever 

IT 

be the value of d. Thus, in fig. 24, let d « ~ , and then from 

4 
aS to P is the positive direction, and from S to P' the negative: 

in fig. 25, let « w -»- — , and then from «? to P is the positive 

direction : in fig. 26, let Q = v — , and then from *? to P is 

TT 

the positive direction : and in fig. 27, let = , and then 

4 

from iS' to P is the positive direction. 

Thus we see that the positive direction with reference to a 
revolving line is not a fixed direction in space, but depends on 
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the angle at which the radius vector is inclined to its original 
position. The principle on which what we have just stated 
depends belongs to a different part of elementary mathematics^ 
and therefore we assume it here without explanation. 

iiitm?^''^* Bearing these considerations in mind, it will in general be 
figures of easy to trace the form of a curve from its polar equation, as 
cases. will appear by the following examples. The Student will find 
in the plates marked M a representation by figures of some 
of the different cases which may occur, and the corresponding 
line of the table under each : to which he will find it useful 
to refer. 



Example 1. 225. Let r » ad be the equation to the curve. 

Here tiien is no use in forming a table; we see im- 
mediately that as increases, r continually increases; when 
= 0, r « ; and when is negative, r is negative. 

Hence the curve passes through the pole and touches the 
prime radius when » 0, and then continually recedes from 
the pole as r turns round. When d a a negative angle, ASP 
suppose (fig. 28), then r is negative, and therefore must be 
measured in the direction SP^. Hence the curve is evidently 
of the form represented in the figure, the dotted part cor- 
responding to the negative values of being similar to that 
corresponding the positive. 

Example 2. 226 Let r ^ a — . 

u 

Here — 3 = ^ ( ' + ^) which is essentially positive : hence 

d0 \ J 

r always increases with 0. 

When s 0, r « 00, and by the method explained in the 
last chapter y ^ air^ is the equation to the corresponding 
asymptote. 

Forming a table, we have 
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dr 
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Sir 
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2 
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Sir 


5ir 



a 



Hence the curve has the form represented in fig. 29; 
the dotted part corresponding to the negative values of 0, 
and 



SB - a^, SC , SD 



5ira 



A reference to the plates M will help the Student to 
make out the forms of curves from tables of the corres- 
ponding values of the co-ordinates. 

The curves whose equations are 

y" (0" - 4a») = ar» (a?« -a*) (42), 

y* Cii^ - 4cf) - (07* - a«) (43), 

r«a6^sin0 (44), 

r Bae^sin2d (45), 



.e 



. 9 



2 



(46)» 

rms a sin S9 (47), 

(48), 



. 9 

T Si a sm- 

2 



. 9 

r = a sin - 

3 



(49), 



are respectively represented by figures 42, 43, 44, &c...&c. 



CHAPTER XVI. 



SINGULAR POINTS OF CUBVKS. 



In the preceding Chapter we shewed how the general 
form of a curve may be traced : we now proceed to shew 
how its remarkable points may be detected and examined. 

Proposi- 227. To investigate the nature of a curve in the im- 

mediate ^ncinity of any proposed point of it. 

Let the equation to the curve be 

y = /(*); 

let the abscissa of the proposed point be ^ b a, and let «v, 
be any value of d? a little less than a, and ^^2 ^ little 
greater. Then we shall consider several different cases which 
may occur. 

Case I. 228. We shall in the first place suppose that f (x,) 

and f(Xi) have one real value each^ and only one^ and 
this being assumed: 

(1) Let f(a) « 00, /(«r,) « positive, /(a^j) « positive, 

then the ordinate belonging to the abscissa a is an asymptote, 
and the curve lies above the axis of of on each side of it: 
therefore fig. 50 represents the curve, where JM is the 
abscissa a, and MP{^ 00) the corresponding ordinate. 

If /(.Ti) =s negative, and /(.a?,) » negative, fig. 51 repre- 
sents the curve. 

If /(tr,) =s negative and /(^s) = positive, then the curve 
lies below the axis of w on the left side of J/P, and above 
it on the right, and therefore fig. 52 represents it. 



8INOULAR POINTS OF CORYBS. 169 

If f(jO\) — positive, and /(a?«) = negative, fig. 5S repre- 
sents the curve. 

(2) Let f{a) be a finite quantity; take MP^f(a)^ 
fig. 54, and draw the line OfPO parallel to AM\ then 
/(^)"~/(^) i*epi^e8ent8 the distance of any point on the 
curve above O'PO. Hence 

\i f{a)^ 00, /(oTi) -/(a) -positive, /(fl^«)-yi(o)» positive, 

the tangent at P coincides with J/P, but the curve lies above 
OPO on each side of MP\ therefore fig. 54 represents its 
form. 

If /'(«) - CO, /(or,) -/(a) - negative, and f(m^ -f{a) 
B negative ; then fig. 55 represents the curve. 

If /'(a) = 00, /(a?,) -/(o) = negative, and f(^»)-fia) 
a positive ; then the curve touches MP at P, lies below it 
on the left side of JIfP, and above it on the right; there- 
fore fig. 56 represents it. 

If f(a) = 00 , /(a?x) -/(a) « positive, and /(^g) -/(a) 
B negative then fig. 57 represents the curve. 

If, however, f(a) be a finite quantity, draw the line 
T'PT (fig. 58) making an angle tan-*/'(a) with the axis of 
a; then this line is the tangent to the curve at P, and, its 
equation being y' -f(a) '-/'{a) (w - a), 

y - y' or fiw) -/(a) -/'(a) (w - a) 

is the distance of any point of the curve above this line. 
Hence, if for brevity, we put 

<t> (^) -/(^) -/(«) -/'(«) (^ - «)> 
it is evident that: 

If (jvi) B positive, and <f> (^2) - positive, the curve lies 
above the tangent T'PT on both sides of JlfP, and is there- 
fore represented by fig. 59- 

If {xi) « negative, and <f> (a?,) = positive, the curve lies 
below T'PT on the left side of jVP, and above it on the 
right, and is therefore represented by fig. 60. 
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If <p (pi) a positive, and (of^) « negative, fig. 6l repre- 
sents the curve. 

These are all the cases that can occur when y has one 
real value, and only one, for each value of m. 

Case 2. 229. Let us now in the second place suppose that/(«i) 

has no real value, and /(«») two real values, and only two ; 
and this being assumed : 

(1) Let /(a) = 00 , and both the values otfije^) positive: 
then MP is an asymptote to two branches of the curve, both 
on the right side of MP\ therefore fig. 62 represents the 
curve. 

If both values of /(«Vs) be negative, fig. 6S represents the 
curve. 

If one value be positive, and the other negative, fig. 64. 

(2) Let /(a) be a finite quantity, and/'(«) ™ ^ > ^^^^ • 

If both values of /(^«) — /(«) be positive, two branches 
of the curve touch MP at P, but do not go below O'PO, nor 
appear on the left side of MP : therefore fig. 65 represents the 
curve. 

If both values be negative, fig. 66. 

If one value be positive and the other negative, fig. 67* 

(3) Let f(a) be a finite quantity, and f'{a) be so also, 
then : 

If both values of ^(a^s) be positive, two branches of the 
curve touch the line T'PT at P, but do not go below it, nor 
appear on the left side of MP : therefore fig. 68 represents the 
curve. 

If both values be negative, fig. 68, bis. 

If one value be positive, and the other negative, fig. 69. 

If we suppose that/(.i72) has no real value, and f(oB\) two 
real values and only two, then it is evident the curve in each 
case will be exactly similar in form to what it is when f(x\) 
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has no real value, and/(^s) two real values; it will be merely 
reversed in position: thus, instead of fig. 68^ we shall have 
fig. 70; and similarly the other figures. 

These are all the cases that can occur when /(ai) has two 
real values, and only two, for some values of w^ and no real 
values for others. 

230. It sometimes happens that /(or i) and /(or,) are both Conjagate 
impossible, no matter how near ^, and a^ may be taken to a, ^^^^' 
and yet f(a) a real quantity ; in such a case the point P is a 

point belonging to the curve, since its co-ordinates satisfy the 
equation to the curve, and we define the curve to be the 
assemblage of all the points whose co-ordinates satisfy that 
equation : but no points in the immediate vicinity of P belong 
to the curve; P therefore is an isolated point of the curve, 
completely detached from the other points. Such a point is 
usually called a conjugate point, 

231. It f(afi) and /(«,) have each several values while Multiple 
f(a) has only one value, then several branches of the curve **^*"'*' 
must meet at the point P; in such a case P is called a mul- 
tiple point. 

We shall not extend this enumeration of cases any farther, 
as it will be easy, after what has been explained, to make out 
the form of the curve in any case that may present itself. 

232. The following are examples of the cases that we Examples. 
have just discussed. 



(I) y-o + 



a» 



(iff — a) 



«• 



Here /(o) « oo , /(a?i) ■= positive, /(a?,) = positive; there* 
fore fig. 50 represents the curve. 

^ ^ Of -^ Sta 

(2) y 



(a? - ay 



Here /(a) « oo , /(^i) » negative, /(a^s) = negative; 
(fig. 51). 
11 
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(8) y 



07 — a 



Here /(a) « oo , /(^i) * negative, /(^^g) « positive ; 
(fig. 52). 

(4) y « a + a* (47 — a)t. 

Here /(a) « a, /' (o) = co , /(^i) - /(») = positive ; 
/(^») "/C^) *= positive; (fig. 54). 

(5) y « a + al (j» - o)4 ; (fig. 55). 

(^ - ay 



(6) y^at ^ 



a 



Here /(a) « a, /'(«)«!, (^j) « positive, («,) 
positive ; (fig. 59)* 

(a? - aY 

(7) y ^-h ^ , ^ ; (fig. 60). 

a 

(8) {y (/y - a) - o*}« = a (^ - a)». 

^9 

Solving this, we have y « ± \/ao7 - a*. 



Here therefore /(o) = 00 , /(o?i) is impossible, and /(.Tj) 
has two real values both positive*; (fig. 69). 

(9) (y - «)* (a^ - «•) = a*. 



Solving this, y = a ±  .- = . 

\/aw — a" 



Here f(a) s 00 , /(^i) ib impossible, and /(o^s) has two 
real values, one positive and the other negative ; (fig. 64). 

(10) (y ^ aY ^ aof ^ a*. 
Solving this y ss a ^ y/ aso — a*, 

* For when x nearly s a the first term is very great compared with the second, 
and therefore y has the same sign as tlie first term. 
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and —■ m ^ 



^^ 2 \/aaf - «• 

Here f(a) = a, /'(a) = oo , /(or,) -/(a) is impossible, 
and /(or,) -f(a) has two real values, one positive and the 
other negative ; (fig. 67). 

(11) a(y-a^)*=(a?-a)». 



Solving this y ^ or ^ ^ — ^ ^ , 



and -—. aa 1 A *• ' 
dtv 



« (^°)'- 



Here /(a) « a, /'(a) « l, 0(ar,) is impossible, and ^(ar,) 
has two real values, one positive and the other negative; 
(fig. 69). 

,(12) y e 0? + at (07 - a)^ A ai (,r - a)*. 
Here /(a) « a, f'(a) = 00 , /(a'l) is impossible; 
/(^) -/(«) = (^ - a)J fat A aJ (or - o)^}. 

Now (a?8 - o)* is very small, and .-. ai A a* (tT, - a) is 
positive whether we take the + or the -. Hence /(w^) -f(a) 
has two real values both positive ; (fig. 65). 

(IS) y«ar+^^ ^A^^ — y-l. 

a at 

Here f(a)'r.a, /'(o) = 1, /(or,) is impossible ; 

Now (^2 - a)l is very small, and .*. ] A . is positive 

whether we take the + or the - ; hence <p (4;,) has two real 
values both positive; (fig. 68), 

(14) y e o A (a; - a) \/af - 2a. 

Her e f(a) ^a, and /(or,) /(/»j) are both impossible, 
since \/af —2a is impossible for all values of a? less than 2a ; 

11—2 
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hence the point whose co-ordinates are jr » a, y » a is a con- 
jugate point of this curve. 

(15) {a (y - o) - (ar - a)' }» - a» (fl? - af. 

Oo - of 

Solving this y ^ a ^ {a -- a) . 

a 

Here /(^) has two different real values for every value 
of Of except x ^ a\ hence the curve has two branches which 
meet at the point whose co-ordinates are co^a^ y»a. Since 
f (a) B Js 1 the tangents of the two branches at the point P 
make angles 45^ and — 45° with the axis of w ; the branches 
therefore cross each other at right angles at the point P; the 
concavities of both turned downwards since /'(a) is negative; 
(fig. 71). 

(16) y  dr + (.r — o) sin"* - . Here an infinite number 

a 

of branches cross at the point {x^ a^ y ^ a). 

CuBpa. 283. The curve at the point P in (fig. 54, 65) is called 

a cusp from its pointed forty : in (fig. 69) it is called a cusp 
of the first kind, and in (fig. 68) a cusp of the second kind. 

Singular Points of contrary flexure, cusps, conjugate points, mul- 

^^^' tiple points, &c. are called singular points. 

How the 234. The existence of a point of contrary JUxure is 

existence ,5 ^ m ^ ^ 

theMsint indicated by —^ changing its sign. {See 180). 

gular points d X 

IS indi- 

cateda 

235. T?ie existence of a cusp is indicated by the curve 
not crossing a right line which does not coincide with the 
tangent. 

If -7- be a finite quantity at a certain point, and if 
ax 

the curve docs not cross the ordinate at that point; or, if 

dy 

-— es OD at a certain point, and the curve does not cross 

dx 

the line drawn through that point parallel to the axis of ^; 

then there is a cusp at that point. 
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236. To determine whether the cusp is of the first or How to de- 
second kind we must find ^(w) (see228)» and arrange it in ^{J^tW 
ascending powers of a» - a ; suppose that the result of J**® p*>»*** 

this is of the ^ 

kind, or 

0(ar) - ^ (Of - a)" + iff (^ - ay + &c. "^^ 

- (^ - a)" {^ + iff (a? - a)"— + &c.} 

Now when <r - a is very small, A + B (w ~- a)""* + &c. 
will have the same sign as Aj therefore ^(^2) ^il^ have 
the same sign as A^x^ — a)". Hence if m be a fraction 
with an even denominator (of course reduced to its lowest 
terms) A {a^ — a)"* will have two real values with opposite 
signs, and therefore the two values of <(>{w^ have opposite 
signs, and therefore the cusp is of the first kind. But if 
m be an integer or a fraction with an odd denominator 
^(.r,— a)"* has only one real value, and therefore both values 
of ip(x2) have the same sign as .^, and consequently the 
cusp is of the second kind represented by fig. 68, or 63 bis, 
according as A is positive or negative. 

Of course we here suppose that <p(afg) has two and only 
two real values, and ^(^i) no real value. If it be 0(^i) 
which has the two real values, all that we have just said 
is equally true; only the cusp in each case will be reversed 
in position. 

We here suppose also that /'(a) is not infinite. If it Cusps, 
be, the cusp will be of the first kind, if /(^O-fio) and7'(a%co, 
fi^a) -/(o) have each one real value of the same sign; and y°^*J^^ 
a cusp of the second kind, if /(^s) — /(a) has two real values, 
and /C^i)— /(o) no real value, or the reverse. 

237. If the quantities /(a), /'(a), /'(«)> &c- ^^^^ each Iff (a), 
one real and finite value; then when w is taken sufficiently y-Z^^^y^^^^ 
near to a, we have ......have 

' each one 

real finite 
W -' a f cV — aY yalue, the 

/(«) -/(«) +/ («)-fr ■^•^'^"^ ^^"^ "• »«>"«'"» r-/(^' 

cannot be 

which gives one real value for each value of :c. tsmga 
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{uid M^eT t Under such circumstances we have therefore the case where 
oneofcon-^(a) and f\(i) are both finite^ and /(^i) and /(^s) have each 
ure7 ^^' one real value : the curve therefore must assume a form simi- 



lar to one of those in fig. 72 in the immediate vicinity of 
the point Pi consequently P may or may not be a point 
of contrary flexure, but it cannot be a cusp, or a multiple 
point, or a conjugate point. 

Hence if f(a), f '(a), f'(a,) S^. have each one real and 
finite valuCf the point whose co-ordinates are a and f(a) 

must be either an ordinary point or a point of contrary 
fiewure: it cannot be a singular point of any kind eacept 

one of contrary flexure, 

Atallrin- 238. Suppose that the equation to the curve is an 

except one algebraical equation between x and y cleared of radicals of 

conditions 

hold, when A -f- Ba -¥ Cy •\- DoB^ + Exy + F«* + Ga^... + P^ « 0, 

theequa- ^ *> ^ 

cunreu ^ which for brevity we shall represent by 

algebraical __ ^ . 

and cleared C7 « (l); 

of radicals. 

then to find the successive diiFerential coefiicients of y we have 
the following equations got by difierentiating (l), viz. 

dyU.^-\-d^U^O (2), 

^ dx ' 



d,f7.^.d/t7.(^)V&C...=0 (4). 



&c &c. 



From these equations we may find the values of — , — -, 
j3y dx da^ 

--r~T , . . &c. corresponding to any values a and b o{ x and y 
which satisfy (l): for by substituting a and b for x and y 
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dy 
in (2), (3), (4), &c. we find the corresponding value of -r— 

from (2), and then that of ---^ from (8)9 and then that of 

-J— 5 from (4), and so on. 

Now it is evident from the form of the equations (l), (2), 
(3), (4), &c. that if d^U is not zero, we thus obtain a single 

finite value for each of the quantities -r^ , -;-—, -r-^ •*.. for 

diff dor dar 

then we evidently find 

dy a quantity which cannot be infinite* 
das dyU 

€py a quantity which cannot be infinite 
d^^ d^ ' 

and so on. 

Hence it appears by the preceding Article that if d^U be 
not zero, the point (ab) must be either an ordinary point or a 
point of contrary flexure. And the same may be proved in 
exactly the same manner of d^U. 

Hence at all singular points eacept a point of con" 
trary fiexure we must have 

d^U « 0, dyU a 0, 
U s being an algebraical equation cleared of radicals. 

239. If therefore the equation to a curve can be reduced Hence we 
to the form of a rational and integral algebraical equation thepomtsof 
tT" = 0, and if we determine those points whose co-ordinates Ji,hich ma 
satisfy this equation, and moreover the equations d«{7s 0, beamgular. 
dyU^O\ then no other points of the curve but these can be 
singular points of any kind, except points of contrary flexure. 

To determine whether such points are really singular 
points, and the class to' which they belong to, we must examine 
them separately ; and first, we must determine how many 

* The numerators of these fractions cannot be infinite, because U is a rational 
and integral function of .r and y. 
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branches of the curve meet at each of these points, which we 
may do as follows. 

mme^how ^^" ^^^ w ^ a and 3^ S3 6 be the co-ordinates of any 

many one of these points; then since the substitution of a and b 

bnnches <• <i i 

of a curve for w and y makes 

pass 

**»~V«^* d,U^O and dM^O, 

point at ' y • 

which 

d^U^O, dy 

d,U^O. we must proceed to determine -r- as in (153, be.)* and we shall 

dw 

arrive at an equation for determining -^ of a higher order 

dw 

than the first. If this equation has n real roots, then n 
branches of the curve and no more meet at the point (ah). 
If any of these roots be equal, then the corresponding branches 
have the same tangent at the point (a 6). If when ^ is a 
little greater than a, y has n real values, and when « is a 
little less than a only ?» — 2 m real values, (for an odd num- 
ber of real roots cannot disappear) then 2 m of the branches 
do not appear on the left side of the ordinate 6, and each 
two of these branches must therefore either touch the or- 
dinate b as in fig. 67, which will be the case with those 

branches for which -^ becomes oo when ^ « a ; or else they 

diV 

must meet the point (a 6) in the form of a cusp as in (fig. 

68) or (fig. 69), which will be the case with those branches 

for which ~— does not become infinite when w ™ a. 
dx 

If the 2 m real values of y are wanting when 00 is a 
little greater than a, the same is true, only the cusps, &c. 
are reversed in position. 

dy 
If the equation for determining -— have no real root 

^ d<B 

(a&) is a conjugate point. 

Themethod 241. We may often very readily find the nature of a 
8ion m curve near a proposed point (a 6) by expanding y — bva powers 
often^cn^ of w-^a, by the method given in (146): each different expansion 
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will indicate a different branch of the curve, and will shew tble ut to 
how It lies near the proposed point. thenttnra 

of a curve 

We may also by the same method make out the nature "«*' * p™- 

'' ^ pofledpomt. 

of the infinite branches of a curve, by putting - for or, and 

expanding y in powers of x. 

And thus we may often make out very readily the form 
of a curve when we cannot solve its equation. (For Ex- 
amples see Appendix V.) 



CHAPTER XVII. 



THB OBNBRAL THBOBT OF GONTACT. INTEBSJBGTION OF 

OONSECUTIVB 0URVB8. 



Different 242. Let PQ, PQ\ PQ'\ (fig. 80) be three curves having 

contact! A common point P, the co-ordinates of which are AM s a, 

MP » b ; and let the respective equations to these three 

curves be 

NQ^y^fiw), NQ'^y'^(p{w), ^'Q''-y'« >f.(^); 

Q^ >/.(^) -/(g.) 
QQ' " <pi^) -/Or) • 

Which, since the three curves meet at P, and therefore 

assumes the form - when <r a a. 



Hence, by (148), when w approaches a, we have in general, 
lim. val. of -—-7 « Tv-r :py-ir • 

Now suppose that ^'(a) — /'(®)» while >//'(^) ^^^ ^^^ 
«= /'(a) ; then this limiting value is infinite ; therefore when 
the point N approaches M, QQ" gets continually larger in 
comparison with QQ!^ and may be made as many times larger 
than it as we please by sufficiently diminishing MN; and 
therefore the curve PQ' must lie infinitely closer to PQ in the 
immediate vicinity of the point P than the curve PQ" does. 

Hence it appears that if, for the same abscissa, two curves 

dy 
have the same value, not only of y, but also of -—-, they not 

d.v 



ORDBBS OF OONTACT. I7l 

only meet, but also lie infinitely closer to each other in the 
immediate vicinity of the point of occurse than they would do 

if they had not the same value of —^ at that point. 

But suppose that >\f\a) ''f\o)y and ^'(a) ^f'(o) are 
both zero, then by (148) we have in general, when a ap- 
proaches a. 

Suppose here that <f>*(a) ^f*(a) while y\f^(a) does not 
a /'(a), then this limiting value is infinite. We may there- 
fore conclude just as before, that if for the same abscissa two 

dy 
curves have the same values, not only of y and -— , but also 

d^y . ^"^ 

of -j-zi then they lie infinitely closer to each other in the 

dor 

immediate vicinity of the point of occurse than they would 

do if they had not the same value of •--— . 

dsr 

And in general, if 
0(a) -/(a), 0'(a) -/'(a) ..- ^-' («) -/"''(«)» 

be each zero, we have, when x approaches a. 



lim. val. of 



QQ' 0" (a) -/"(«) 



Suppose here that 0* (a) «/"(«) while >//•(«) does not 
= /»(a); then this limiting value is infinite. We may there- 
fore conclude that if fw the same abscissa two curves have the 

dy d*y d"y 
same values of jy ^^ , t-~ . - . t^t > ^^^^ ^^ ^^ infinitely 

•^ dx dx* dx 

closer to each other in the immediate vicinity of the point of 
occurse than they would do if they had not the same value of 
d> 
d^* 
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Orders of HcDce it is that when two curves meet, and at the point 

contact do- ' * 

the differ, of occurse have the same value of -~- , they are said to have 

ential co- dw «• . 

• ^^° ' contact of the first order, if moreover the same value — --, 

dsr 

contact of the second order, and so on; and in general, if 

they have the same values of — -, — ^ --•• ■;; — > they are said 

da dar doT 

to have contact of the n^ order. 

Co»jwtof 243. If ^(a) -/(o), 0'(a) -/(«) "•. 0"(a) -/"(«) be 
order u ac- each Zero, and ^*'*'' (a) —/*'*'' (a) not zero, then by (ISI), 
Smh^mter- ^(*) -/(^) has the same sign as 

section, 

order IS not. for all values of ^ sufficiently near a: now if the contact be 
of an even order n is even, and n + 1 is odd, and therefore 
0(«) —/(or) changes its sign when a passes through the value 
a; therefore, at one side of the point P, <f>{ai) is greater than 
f{oo)j and at the other side less ; i. e. the curves cross each 
other at P, as in fig. 31. But if the contact be of an odd 
order, n is odd, and n -f 1 even, and therefore Off does not 
change its sign when a passes through the value a ; i. e. the 
curves meet each other without crossing at the point P, as 
in fig. 32. Hence contact of an even order ia accompanied 
with intersection^ hut contact of an odd order is not. 

WhathM 244. It is evident that all we have just said is equally 

is true for true whether the co-ordinates be rectangular or oblique, 

poiww)- Moreover it is easy to see that if we refer to curves to any 

oj^i>^^^ new axes of co-ordinates, the degree of contact is not altered. 

ofcontact ^^ ** clear also that what we have said applies equally to 

is not , ^ dr d*r d^r 

changed by polar co-ordinates ; i.e. if -r-r, "r^r: •"'-ttz have the same 

a change of '^ du dd* du* 

nates. ' values in both curves at the point of occurse, the contact will 

be of the n^^ order: for then it is easy to see, putting 

dy d^y d^y 
Of ^r cos 0y ysrsinO^ that -— , 7-5 ••••^r:; ^^'^ *^8o have 

dof dar dar 

the same values in both curves. 
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245. To make a. line whose equation is Example i. 

^ A nght 

yx'^ Aw -^ B (1), 

have contact of the first order with a given curve whose 
equation is y ^f(ai)^ at a given point whose abscissa is a. 

y must «■ yi when w ^ a; therefore we have 

f(a)^Ja + B (2). 

dy dyi 

-— must =■ — - when ^ « a ; therefore we have 

aw dw 

/'(«) = -< (s). 

(1), (2) and (3) give 

which is the equation required. It coincides with the common 
equation to the tangent, see (173), and hence the ordinary 
tangent has contact of the first order with the curve. 

If we wish to make the line (l) have contact of the second 

d*y d^yy 
order with the curve, we must put ---: « ---— when ^ ■» a : 

dar da^ 

but this gives f*(a) ^ 0, and this equation of course cannot 

hold except at particular points of the curve. Hence a right 

line cannot have contact of an order higher than the first with 

a curve except at particular points of it, determined by the 

d^y d^y 

equation --— ■» (or in some cases — ~ » oo , see note *). 
dor dar 

246. Suppose that the curve is referred to polar co- Example 2. 
ordinates, and that its equation is r ^f(0). The equation toimere- 
a right line being y = tSLna{jf -^ a), putting /p = r, cos 0, ^^l^^. 

y 8 r| sin 0, becomes ordinates. 

a sin a 
"** ' sin (0 - a) * 

d^v d? X 

* When ^ B oo ^^ (y being the independent variable) will be in certain 

caaes, and then there will be contact of the second order. 
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then 


1 


sin (0 - o) 
asm a 


1 


dr, 

de  


C08(d -I 

a sin a 


?> 




and 


" de 


r, cot {9 - 


«)• 





Now suppose that the line has contact of the first order 

with the curve at the point whose polar abscissa is 0^^ 

dvx dr 
then when fl « fl we must have r^^r and -— - «» — ^ , 

du du 

•'- ^^^^ " un^-a) ' "'<»/'(i3)--/08)cot03-«). 

From the second of these equations we may determine a> 
and then from the first a, and thus the polar equation to a line 
touching a curve given by a polar equation at any proposed 
point may be found. 

Since /3 may have any value we have in general 

/'(e) = -/(0)cot(e-a), 

or tan(a-0)-Zi^-— , 

which coincides with the result obtained in (196). Since 
a — is evidently the angle under the tangent and radius 
vector, i.e. (j). 

The order 247- The order of contact which we may make two 

which we curves have with each other depends in general upon the 
two carvM number of constants we have at our disposal ; if there be 
***^h Sh** ** + * constants disposable we may so determine them that 
* the contact shall be of the n^^ order; for then we may> by 
giving them proper values, satisfy the n + 1 equations 

^' « ^ ^^ _ ^ ^' ^ 
^'"^* da'^da' da? daf"*'^ daf" '^ daf"' 

which equations must be fulfilled to produce contact of the 
n*^ order. 

Thus in the most general equation to the right line, 
y ^ AiV-}- By there are two disposable constants A and By and 



2nd order. 
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therefore we may in general make a right line have contact of 
the first order, but no higher, with a given curve at a given 
point of it. In the most general equation to a circle, viz. 
(a — Ay + (y — By e Jt' there are three disposable constants 
Af B and £, and therefore we may in general make a circle 
have contact of the second order, but no higher, with a given 
curve at a given point. 

248. To determine Ay By J?, so that the circle Examples. 

A circle 
proposed 

shall have contact of the second order with the curve contactor 

at the point whose abscissa is a. 
We have 

{» - jy +(t,,^By~R' ... (1), 

»-.J + (y,-S)^-0 ...(«), 

Now since the circle touches the curve with contact of 
the second order at the point whose abscissa is a, if for brevity 
we put f(a) « b, f (o) » p, /* (a) = ^ must have 

yi - ft, d^ " P* dl? " ' ^ ^ " "' 

and therefore putting w ^a in the equations (l), (2), (3), 
they become 

(o - Ay + (ft - By = R* ... (1), 
o - -rf + (ft - jB) p « ... (2), 
l+p* + (ft--B)4?-0 ... (S). 

(8) gives ft-B- -i-.. 
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then (8) gives a-^-pi±^, 

(1 + o^i 

and then (l) gives iJ « ± ^^ i-^, 

9 

which equations give us B^ Ay and £, and thus the circle is 
completely detennined. 

Circle of This circle is commonly called the osculating cirde, or 

Its radius' the cirde of curvature. Since a may belong to any point 
of curva?** whatever of the curve» we may put of instead of a, and .'. 

tvtnp. See dp d!^y . 

(181.) y^ -— , and -j-i instead of 6, p, q respectively, and then 
da dar 



we have 






d^ 

hence it appears that R^ p (see 184), and hence the point 
P^ (185) is the center of the osculating circle. 

It follows therefore that the limiting position of the in- 
tersection of two consecutive normals to a curve when they 
approach each other is the center of the osculating circle. 

We may also arrive at this result by means of the fol- 
lowing article. 

Sltemti?- 249. Let the equations to two curves be 

section of -^ v • v 

curves. /(^y«) " (l), 

f{wya')^0 (2), 

(2) differing from (l) only in having a' in place of a, a and 
a! being two constants to which we may assign any values 
we please. Then if we determine or and y from these two 
equations taken together, the resulting values will be the 
co-ordinates of a point of intersection of the two curves. 
Now this point, which we shall call P, must be some definite 
point as long as a is different from a^ but if d becomes 
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equal to a, it ceases to be a definite point, since then the 
two curves are identical, w and y therefore become illusory 
when d >■ a, but of course they have some limiting value 
when a approaches a as in the example (22). We may 
determine the limiting values of m and y as follows. 

By Lemma XXI. the equation (2) may be put in the 
form 

fipoya) + {/'(^y?) + Q\ (a - a) - 0, (see 77) 

where Q is a quantity which may be diminished ad libitum 
by sufficiently diminishing a' *- a. In virtue of (l), and 
dividing out a — a, this equation becomes 

/'(^y?) + Q-o («)• 

Of course we necessarily suppose in this process that a 
does not actually «= a. 

From (l) and (S) we may determine ^ and y^ which 
will of course be difierent for difierent values of a'. Let 
a' approach a; then, in virtue of (l) and (3), the limiting 
values of f(aiya) and o{ f'{/9ya) + Q must be zero; if 
therefore ^j and ^i be the limiting values of of and y, since 
that of Q is zero, we have by Lemma VIII. 

/(^iyi«) = 0> and /'(*iyia)«0, 
and from these equations we may determine ^i and y^. 

Since iT| and ^i are the limiting values of w and y when 
a approaches a, it is clear that we may diminish the dis- 
tance between the points {wy) and (^i^i) ad libiium by 
sufficiently diminishing a - a. The point Wiyi is therefore 
called the ultimate intersection of two consecutive positions 
of the curve (l), and its co-ordinates are the values of w 
and y which are obtained from the equation 

/(wya) - 0, 

and its partial derivative with respect to a, viz. 

/>ya)-0; 

a is called the variable parameter of the curve. 
12 
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Example 1. 250. To find the ultimate intersection of two consecutive 
positions of a line which always includes equal areas between 
it and the co-ordinate axes. 

Let - + ^ >■ 1 he the equation to the line, and %e the 

constant area ; then a)3 « c, and the equation to the line 

becomes 

^ ay . . 

-+— -1-0 (1), 

a c 

a being the variable parameter. 

The partial derivative of this with respect to a is 

-T + ?-0 (2), 

a c 

from these equations we easily get 

tc (B a 

-+ l«sO, or.r«B-; 

a a 2 

and then y = — . 

The value a? s - shews that the line is bisected by the 

2 ^ 

point of ultimate intersection. 

We may verify the correctness of this result thus. 
Let a be another value of a, then the equation to the 



corresponding line is 




X ay 

- + -^ - 1 -0..., 

a c 


...(8), 


(3) a - (1) a gives 




(a • - o») ? ^ («' - a) - 0, 
c 


C 
nr ti ^ * 


a '\- a 



and therefore the limiting value of y when a approaches a 

c /» 

is — , and therefore by (l) that of d? is -. 

2<i 2 
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261. Hence we may find the ultimate intersection of ^^mnpleS. 
two consecutive normals as follows. 

The equation to the normal to a curve y^f{w) at the 
point whose abscissa is a is 

/'(a) {y -/(«)!+*- a- (1), 

taking its partial derivative with respect to a we have 

/•(a) {»-/(«)! -{/'(«)}•- 1-0 (8), 

and the values of w and y got from these equations are the 
co-ordinates of the point required. These values are 

Comparing these values with those of A and B in (249) we 
see that the point of ultimate intersection of two consecutive 
normals is the center of the circle of curvature. 

352. We may find the locus of all the points of ultimate How to 
intersection of the set of curves represented by the equation i<^us<^the 

points of 
/ (^ ^ a) » 0« ultimate 

intersection 

by eliminating a between this equation and its partial deri.^^^|^^ 
vative 

f'(wya) B 0. 

Let us take the first example, last article, in which Example. 

fi^ya) « - + -^ - 1 1 0, 
a c 

Eliminating a, we find 

a "s StP, and .*. ay » c, 

which gives a rectangular hyperbola referred to its asymptotes. 



CHAPTER XVIII. 

LAOBANGB^S THBOBBM. ELIMINATION OF CONSTANTS AND FUNCTIONS 
BY DIFFBBBNTIATION, EXPANSION BY MEANS OF THIS ELIMI- 
NATION. 



The following theorem, due to Lagrange, is often found 
useful in expanding functions which are given by equations. 

Lacnmge'fc 253. Sfippose that \Xj y> z, x are variables connected 
by the equattana 

« - f(y) 0)» y - 2 + x0(y) (2), 

to eapand u in a series of powers of x. 

To do this, we shall find d,'u as follows: 

y is a function of the independant variables z and jr, and 
we have, by differentiating (2) with respect to z and ^, 

rf.y = 0(y) + «0'(.V) d,y ; and .-. d,y - ^ +^a0'(y) ' 

rf,y - 1 + ad/(jf)d»y\ and .-. d.y « ; -77— ...(3) ; 

1 + iv<p (y) 

hence, d,y = <t>(y)d,y (4); 

and .-. d,u^f(y)d^y»f'(y)<l>(y)d,y (5). 

Now if yj/iy) denote any function of y, 

rf. {>^(y) d^y} « ^'(y) d^y d^y + -^{y) d^d^y 

= 4{>/.(y)0(y)d.y}, by (4). 

Hence supposing that ^(y) *^f\y)<l>(y)9 and differen- 
tiating (5), we have 
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and again d^u^ ct4v[ j 

- dn'l/'iy) l0(y)prf.y]. nmilarly, 
and so on; and finally^ 

Now when « •■ o, » -• y, and by (8) d^y •■ i ; therefore, 
when j^ a 0, we have 

d:u^dr'{f'(<^){<t>i^)Yl 

Hence, by Taylor's series, if for brevity we put f'(z)^Vf 
0(«) » Z, we have | since u ^f(z) when v^o], 

«-/(«) + Fz . ^ + d,irz») . ^ + d/CFZo ^ 



• • • 



+ d/-'(FZ*)— + &c.... 

which is the developement required. The following example 
will shew the use of it. 

Let U ^ €^y y a jif + «ey. Eiample. 

Here f{y) ^e»; .-. f'(z) or F - e*, 
^(y)-!^; .-. 0(«) or Z-c*; 

= (n + l)»-»6^-+'>% 

which - 2®«*% S€^, 4«6*% 5^€^ ... when n - 1, 2, S, 4, ... &c. 
respectively ; hence 

Of a^ ^ a^ 

n ra rs r4 

264. When we are given an equation between w and y Eiimtna- 
containing any constants a,, a,, (i^.^.a^ suppose, we ft^ay^^*^"" 
eliminate these constants by differentiation, as follows. Let <ii^>«rentia- 
the given equation be 

U^O (1), 
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Eiimple. 



and let it be differentiated n times, and so give the following 
equations; viz, 

dt7-0 («), 

d»r7«0 (S), 



d"t7«0 (n-i- 1); 

then from these n + 1 equations we may in general eliminate 

the n quantities ai, a^, a^...a^y and so obtain an equation 

- dy d^y d'y . . , , 

between w. y, --^, t^ ••'-r^t not containmi? any of these 

dof dor da^ ^ 

constants. 



(1), 



d*y 



Let the given equation be 

y — aof -¥ abw » 

differentiating twice, we have 

p - 2aw + a6 « (2), 

q ''2am (S); 

hence, 2a » 9, and therefore, by (2), 

ab m qof ^ p; 
and therefore, by (1), 

y - — + ga^ - p^ « 0, 

2 
or y+ pof'^O; 

which is an equation between w, y, p, and g, not containing the 
constants a and 6. 



255. It is evident that there be n + m constants Oj , 



A number 
of diftrent 

^^h^*^ ^'**^*' ^a-i-i***^ii-i>« ii^ the equation (7sO, we may eliminate 
loimed in ^ny n of them we please between the equations 

this way. 

U ss 0, 

du = 0, 
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d^U « 0, 



d^'U 1 0. 



,., ^, «i + n.#n +n — 1 .•. m + 1 . 

Now there are («■ N suppose) 

1 .2 •• •• fn 

different combinations of the m + n constants a^, Of.. &c.; 

therefore there are N different ways in which we may form an 

dy d*y 
equation containing w^ y, — ... -j-r and m of the constants; 

and consequently we may in general obtain N different equa« 

dy d*y 
tions involving »^ y^ ~r^ ••• 3 — ^"^ ^ ^^ ^^ constants from 

dw da^ 

the given equation. 

In the example just given, if we eliminate a between (l) Example, 
and (2), we find 

a — ^ , from (2) ; 
and therefore, by (1), 

Again, if we eliminate 6, we obtain 

y —pa + aa^ « (6), 

and thus we deduce from (l) two different equations (5) and 

dy 
(6), each involving ^, y, 3— , and one of the constants. 

dw 

256. We may eliminate the constants Oi, a^, Os*.. a. Thiseluni- 
from f# « somewhat differently, as follows. be efifectSf 

aomewhat 

Solve the equation u » for O], and let the result be difieientiy. 
t«, a Oj, then, differentiating, we find 

du^ a 0, in which ax does not appear. 

Solve this equation for Oa, and let the result be fig » a,, 
and then differentiating, we find 

dt#a "■ 0, in which neither a^ nor a^ appear ; 
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and proceeding in this manner we may eliminate Ai, a,, a^ ... 
successively. 

Example. Thus in the example just considered, if we solve for o we 

find 



i * 

therefore differentiating we have 

p {ai^ — bai) — y Qtw — 6) 



0, 



{x" - bay 
or (^* - bai) p - y (2^ - 6) « 0, 

which equation does not contain a. 

Again, solving for &« we get 

ipp - y 
and therefore differentiating we find 

(a^q - 2y) (xp - y) - (.'p'p - 2 ay) arq « O, 
or .iT»7y - 2y (arp - y) « 0, 
or a^y ^2 (xp - y) - 0, 
which is the same equation as before. 

This method is generally longer than the former. 

EUmina- 257* In the same way that we eliminate constants from 

functioDs equations between two variables or and y, we may eliminate 
tioM.*^^*' functions from equations between three variables a?, y, x. 

For let M =0 ... (1) 

be an equation between Wy y, and x^ containing the n functions 

<t>\(V\)y 0«(^a)» 03 (fs) ... fnM. »i t), ... v^ being any 
functions o( w y z. Then in virtue of (l) we may consider 
xr as a function of the two independant variables w and y, and 
we have by successively differentiating with respect to w and 
y the following set of equations: 

ti m 0, 
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d/u a 0, d^d^u « 0, d^*u « 0, 

&c. ... 
d/'u = 0, df^-^dyU = d/'u wm 0, 

«i (^ + 1) fn _ _ 

in all 1 + 2 + S ... + in, or — equations. Now in 

these equations we evidently have involved the functions 

0l(«l), 0«K)> 0J.K)> 

^r(wi)5 ^"(««)> 0/K)» 

in all mn different functions. 

,, .i. (»« + *** i_ 

Hence if ^ '—^ — be > win, or « mn + 1 at least, we 

2 ' 

shall be able to eliminate all these functions from tlie equations, 
and so form an equation between ai y z^ d,x, d^Hy d',«, ... &c. 
...dJ'Zy diT'^d^x ... dy*ar, containing no trace of the func- 
tional letters 0,, 0s, 03 •••0» 

If n B 1 the condition > win becomes 

2 

m+ 1 - 

>l, and ••. m>l. 

2 

If n » 2 it becomes 

fi» + 1 



>2. and .'. m>S, 
2 * 



and so on. 



Hence to eliminate one function it will be necessary in 
general to go beyond the first order of differentiation ; to 
eliminate two functions we must go beyond the third order; 
and so on. Often however it happens that, in consequence 
of the peculiar form of the equations, the elimination may 
be effected without proceeding so far; as the following ex- 
amples will shew. 
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Example. Lgt ^he given equation be 

t» « xr0 (or + y) + «y B ... (1), 

then d^u - p<f> («? + y) + «^' (a? + y) + y « ... (2), 

dyU - ^0 (a? + y) + »0' (« + y) + ^ » ... (8), 

where p « d^z, 
g - dy«, 
(2) and (3) give 

(l> - 9) (^ + y) + y - ^ « 0, 

which by (l) give 

Of - y 
X + ofy ■= 0. 

Thus we obtain from (l), by differentiation as far as the 
first order, an equation which contains no trace of 0. 

Kxainple2. £,et the given equation be 

(« + at) + >/^ (y + nr) -> ... (1), 

then (1 + p) 0' (^ + ») + p yf/iy + ») « ... (2), 

V0'(^ + «f) + (l +g)>/''(y + «)-=0... (3), 

(2) and (3) give immediately 

1 +p p 

= or I + ^ + gr B 0, 

q l+p 

from which <f> and yff are eliminated. 

Develope- 258. This sort of elimination is often useful in ex- 

be effected panding functions, as the following example will shew. 

by elimi- 

STncuons. To develope cos (fiicos"**ar) in powers of a?, assume 

Example 

^^cos-.,) y-co8(«cos-'a?)... (1), 

1 ^y ^ . r IX 

then --- = . sm(i»co8"'tr) ... (2) ; 

a.v v/ 1 - ,r* 
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dy 



.*. v/l -^ —=- - m sin (m cos""* a?) «■ ; 
.\ differentiating again, 
V 1 - ^ -r4 7== T^ + . cos (m cos-* a?) « ; 



or multiplying by v/l - ^, and putting ^ for cos (mcos'^dr). 

Haying thus eliminated the functions cos and cos"* by 
differentiation, we shall be easily able to develope y in the 
powers of w by assuming 

Substituting this for y in (3) we find for the coefficient 

of «• 

(n + 2) (n + 1) ^.+, - n (n - 1) ^, - n^, + m"^. , 
which being put equal to zero gives 

'''** - (n + I) (n + ft) "" 
from which we evidently get 

J -"^'j 4 (-m«)(2«-m0 

A ^'-«»* ^ ^ (1' - *»*) (8' - m') , 
-fls  — pr^ — -^i  -^6 = p- -«i ••• »c. 

To determine Aq and Ai y put « « 0, and .*• y '^ A^ and 

— « ^i, in (1) and (2), and we find 
dof 

i IX 2r + 1 

J^ « cos (W»COS-*0) e COSm IT, 

2 

2r + 1 
A\ ^ fn sin III -TT. 
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Hence if for brevity we assume 

TT 1 «»''^. m'(m«-2«) m«K-2«)(m'-4') _, 
t7.l__^+___ „ _ ,...&c, 

-- to(i»«-1») . TO (>»« - IQ ( «»» - ««) , . - 
r as fnof — or + — = iV ••• ccc. 

rs r5 

we have 

2r + 1 . 2r + 1 

cos (fit cos "*^) = C7cos f»7r -f Ksin mir, 

^ ^ 2 2 ' 

which is the general expansion of the cosine of a multiple arc 
in powers of the cosine of the arc. 
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259* If fi ^ uv^ u and v bemir two functions of ^, Theorem of 

^ Leibnit*. 

then lfy»«oio 

find 

cfy — d'u.v + -rf'-*w.rft>+ — -—; ' d"*u,€rv •.. + weft?. 

For we have 

<Py B cPti . V + ScPu . dt) + Sdu . cPv + ud^Vy 



Let us assume that 

d»y s d»tj.w + -4.d"-'t>.dtt + B^d"*v.d?u 

then we easily find by differentiating, 

.-. j<»+, « ^^ + 1, B^^x ^ B^ + A^y C«+, = C, + jB, ... &c. ; 

which shews that if the coeiRcients of d'^y be the same as 
those of (1 + xy expanded, the same will be true when 
n + 1 is put for n ; but we have shewn that this law holds 
when n a 1 or 2 or 3 ; therefore it is true in general, and 
we have 

d*« sd'ti.v + - d""'»*.dt> + -— ~- d^'^u.d^v ... -f ud*v. 

^ 1 rs 
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This IB called Leibnitz* Theorem, and is often of use in 
finding successive differential coefficients. 

entiluo'- ^^' ^^ J^^^ ^^ ^^ diferenHal coefficient of f (x) if 

efficient of f (x) » (a + bx + CX*). 

"*"''^* We have f{x + A) - ^ (^ + J?& + cA*) ... (l), 

if A ^ a -{-hw -k- ccfy B tab -k- 2ca. 

Now the general term o( (f>(A •\- Bh + chf) expanded in 
powers of Bh + Chf is 

. . ... {Bh ^ chy 

<t> (^) — J^ — > 

and the general term of this expanded in powers of ch* is 

^ ^ ^ r« . r(r - «) 

In this term let us suppose that r -f- « « n, and it be- 
comes 

d)* (J) rrr; —=r7 r-** *» U,h% suppose. 

^^ ^ r(n-r) r(2r-n) ^^ 

Now 8 is evidently not > r, and not < 0» i. e. n - r is not 

n 
> r and not < 0, i. e. r is not < - and not > n. 

Hence the sum of the terms formed by giving r all pos- 
sible values is 

(f7„ + Un^i + C^«-« ... t7«)A" if n be even; 
and (J7^ + C7,.i + (7,., ... f7-n)A" if n be odd; 

and hence it follows that the coefficient of A" in the second 
member of (l) expanded in powers of A is 

U^ + 17,.-, + U^^2 -. &c. f/» ^ ill. 

» J? 
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Now the coefficient of A* in the first member of (1) ex- 
panded is, by Taylor*8 Theorem, p-"/*(^)  ^^^^ ^® •^^^^ 

/-(^) - rn iu, + Un^, + rr.., ... r/w ^ i!+i), 

where 
which gives us the differential coefficient required. 



261. Let 0(a + 6^ + c«^ = \/l +/» + /»*- (1 + tV + «*)*> S?h»'^'* 

method. 

then ^^ (a + 6^ + co?') 

-i(4-0(i-2)(...)(i-^ + i)0+«^ + ^)*"' 

^ ,r n (» - 1) 1.8.5,.. (2n- 3) 
rnl7,_, - -^j . ^i v-»> 

. (1 + ar + a»*)i-"*' (1 + 2«)"-% 

^ „ n.(n-l)(n-8) (n-8) 1.8.S...(8n-g) ^ 
rn fT,., j-^ ^izi C- 1) 

(1 + a? + ar«)i-"+«(l + 2ar)-*. 



Hence, if for brevity we put * « », we have 

^1 + ^iVj 
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^ 1 2«-l 1.2 (2n-l)(2n-S) * 

* *~^ 

as far as x^ or z * . 

Examples Let (p (a ■{• ba + ca^ « log (a + 6^ + .r*) ; 

then 0* (a + ba + ca?«) = (- 1^"* r(r- 1) (o + 6a? + «*)- ; 

.-./-(.)- r«(- 1)-> .^<^^±^|i -«+ -^ .. J. 



The Cycloid, 

Generahon If a circle NPS (fig. 73) roll on a straight line AJT^ a 
cycloid. point P in the circumference of it will trace out a curve of the 

form APBX^ which is called a Cycloid. It is a curve of some 

importance in Mechanics. 

Equation We may find its equation as follows: 

to cycloid. "^ * 

Let A be the point on the line AX with which P originally 
coincided, take AM (^ w) MP ( = y) to be the co-ordinates 
of P ; draw NC from the center C to the point of contact N 
of the circle, join CP and draw PO parallel to ilf AT, let a 
denote the radius CP, and the angle NCP\ then, since in 
the rolling of the circle every point of the arc PN has coincided 
with every point of the line ^A^, it is evident that 

AN « arc PN « ad ; 

therefore we have 

,v = AN - MN -= a0 - a sin 1 

J 0); 



y = CN - CO = a - o cos 
.«. iy»aversd; and .-. d = vers'*-; 
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also, 8in(>- Vi- (^L:iif)'=lv/2oy-y*; 

\ a J a 



.'. ofa a vers"* -  \/2ay — y* 
which is the equation to the cycloid. 



<«), 



The point B at which -■ ir » which is called the vertex Equation 
of the cycloid, is often taken for the origin, the line BY'^^^^ 
parallel to JX for the axis of y^ and the line BJC' per- 
pendicular to JJT for the axis of a. We may easily find 
the equation to the cycloid referred to these axes by putting 
in the equations (l) y-^ AX' or y -^ ira for «, and BX'^af 
ox 2a ^m for y^ which gives us 

y' + Tra « a (0 - sin d), 
S a — «v' ■> a (l — cos Q) ; 

which, if we put tt + d' in the place of 0, become 



y' ^a{^9 ^Anff) 
y — a (l — cos 9) 



} 



(8). 



and therefore as before (suppressing the dashes), 



a vers"' - + \/2ax -»• 



(*). 



which is the equation to the cycloid referred to the vertex. 

To determine the tangent and normal at jP. 

From the equations (l) we find 

ddr » a (1 - cos Q) dOy dy ^ a sin 0d0 ; 



dw 



o (I - cos g) 
aanO 

PM 



MN 



UatPNJr'i 



13 



Tangent or 
nonnal to 
a cycloid. 
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therefore the equation to the normal at P is 

yi — y « tan PNX' (.r, — x)y 
which is the equation to the chord FN. 

Hence the chord PN is the normal at P, and therefore 
the chord PS, which is perpendicular to PN, is the tangent 
at P. 

?fl£*Jt!.2f To determine the index of curvature at P. 

carvatare* 

It follows from what has been just proved, that if >^ be 
the angle the tangent at P makes with the axis of a^ 

^2 2 2 

de 2d8 



' "^ di. d9' 

Now d«* «a da^ + dy* 

-ia»{(l-cosd)*+sin«e}dd» 
- 2o*(l -co8 0)d0»-.2aydfl"; 
.-. p*'^8ay^ 

which gives p. 

Since PN* ^ SN.NO'^^ay, this gives 

p » 2 PN; 

therefore, if we produce PN till NT » PJV, 7* is the center 
of curvature corresponding to P. 

Evolute. Let AU i^p)y UT{^ a) be the coordinates of T, then 

MN - iNTCr « a sin (9, 
and UT = P3f = a (l - cos©) ; 
.•• /3 = a(0+sin0), 
a s« a (l — cos 0), 
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and .-. fl « a vers"' - + y/iaa — a*. . 

a 

Comparing this with equation (4) we see that the locus 
of Tf i.e. the evolute is a cycloid ATVXWy as represented 
in the figure, being equal in magnitude to the original cycloid, 
but having its position altered, its vertex being at Ay and its 
cusp being at F. 

From the equation (l) we have toySJ^Sf 

a cyclmd. 

B 2a sin - dO ^ — ^d [ acos -); 
2 V 2/ 



.-. d i 



9 + 4a cos - j a 0, 

and .*. « -I- 4a cos - must equal some constant, C suppose. 

Now, assuming a to represent the arc AP it is evident 
that when 0*0, « » 0, therefore we have 

+ 4a » C, .'. C ''^a'^ 

0' 



.-. «a4a 



(l-cos-). 



which gives the length of the arc AP in terms of 0. 

When P is at J?, d - tt, and /. cos - « 0, hence the ^^pg 
length of the arc AB is 4 a. 

Arc 5jP « arc -^J9 - arc -iP 

0> 



4a — 4a 



(l-cos-). 





4a cos -. 
2 



13- 
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Now chord PS - 2a cos PSN -» 2a cos -; 

2 

.-. arc jBP » 2 chord P*y. 
s'^mSmaT. If we denote arc BP by /, then since 

chord PS - \/SN.OS» \/%am\ 

we have 

^  Sa^r', 

which is the relation between the length of the arc and the 
measured from the vertex. 
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(A.) 



then <pi'(m) - Sar, yf/(a) _ s«; 



l6m 



(«» + 1)» * 



•^ ^ ^ («» - 1)» * (« + 1)» * («* - 1)» • 

(4) /(«) •- — + + a. 

W / W " — ; " - — r auppo«e, 

then /(«) (^_8)«^ » 

0'(^) B 2a' (/p -t 2) + (a^ - 1) « S/r* + 4Ar — 1 ; 
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, (J7 - 2) (d^ - S) 

2 «i - 1 

(7) /(*)-2-^-^ + ^rTT' 



(B.) 
0) /(«) = v^ = 0(«)» «= i + c'-^^C*). 



then /'(«) = 0'(«) >^'(*) - -^^ • 

(2) /(«)-tan»-^(«), «-»»tan-'«--f (»), 

then /'(*) = ^V)V'(*)-^^-771^- 

(S) /(*) - log « = («). « - sin a? + tan » - >f^(»)» 

then /'(«) - 0'(») ^'M - ^ (cosar + ^^^^j . 

(4) f(a) = COS-* « = ^ («), « - «* ain » - ^/'C*). 

then /'(«) - 0'(*) ^'(J') - - ~7=p • *' (''" « + «»») 



(C.) 
dy = dar.(l -^)-i +.rd(l -ar»)-i. 
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d (1 - «*)-* - - i (1 -«»)-f d(l -«») - » (1 -«•)-! «l#; 

Or thus: 

logy - log a? - ^log (1 ~ or*) ; 

dy da . - ^xdx 1 d^ 
dy y 1 1 



"da? a? 1 - a;" (1 - a;")! ' 

(2) y a log (js sin ^v + cot? a) 

d (<v sin AT + cos* j?) 



^iy 



07 sin .V + cos* ^ 



d^ . sin 07 4- ^ cos wda + 2co8 ord cos w 



a mn a + cos* or 



9 



dy sin 07(1 — 2 cos or) +07 cos or 
'da 0? sin 07 + cos* 07 

(S) y-(tand7)*«^'; 
.'. logys log tan 07) 

cos 07 

dv d cos 07, 1 d tan 07 

-i o. — log tan « + 

y cos* a cos a tan 07 

do7 



» 



{a sin 07 , 1 1 
— l— log tan or + -, ^\ . 
cos* a sin 07 cos 07J 



(4) y « log .3—^ « log or - ^ log (a* + 0?*) ; 



do7 . ^wda 
dy a* 



do? 07 (a* + or*) 
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(5) y«tan-M— — ^ ; 

\1 + €* cos xl 

then log tan y ^ w -^ log sin a — log (l + c' cos jr) ; 

dtany dy co^wdw ^ (cos a ^ An ai) dm 

.*. « : = da + — : — : 

tan y cos ysiny sin «v 1 4- €^ cos a 



dp 

-^ mt cos 

a.r 



f sm ^ -f cos ^ + e'l 

y siny. {- ; — } . 

1(1 +€ co8ar)s]n«J 



^_ . tan y ^ sin a? 

Now sm y > 



cos y 



\/l + tan'y -x/l + 26^ cos « + €*• 

1 (l + €* COS or) 

\/l + tan* y \/l +26* cos a? + €** * 



<iy 6* (sin a + cos a? + e') 
" dof 1 -»• 26^ cos a; + e*^ 

Or thus: 

. dx , e* sin a? 

dy « , where x m , 

1 + «* 1 + €' cos ^ 

and therefore, 

d (c* sin J?) . (l + «* cos a?) -e' sin a d(^ cos ar) 

(1+6* cos opy 

e*(sin/p-fco8a?)(l-f6* cosa?)-€*'sinjF6*(cosa?-sinjg) 

«■ J- — -T dwi 

(l+e'cosor)* 

dy 1 €* (sin x + cos ^ + 6^) 

" dof 1 4- »* (I + e* cos .r)* 

e* (sin w + cos d? + e*) 
1 + 2€^costr + €*• 



(6) , . ^^ (^:i^lz£) 



= log (,p - \/l - er«) - log (.r + n/i - .1^) ; 



(7) 
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»ddf ' ^d» 

dx + — > dx - 






dy 1 /4^ + %/l -47* jy - \/l - ^\ 

dof v/i -d?» Var - \/l -a;* » + \/l -«*^ 



v/ 



1-^ U^-1/ ' 



d7" 



1 



a?' 
1 - 



1 ... 



then y ; and /. y - y* « aT ; 

.•• dy — ^ydy  moT'^day 

dy moT"^ maT"^ 
dx^ I -Sty g^ 

^"" or 
1 



or 



(8) y « log (« + sec a; + sin"* »), 

1 + d sec /r + d sin"' iT 

dv ■•  r-:iT — • 

^ .T + sec /p + sin * « 

.-. log tan y « log a^ - ^log (l - «*)> 
dy d/v ^dtV 



sin y cos y » 1 — a?* 
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(10) y " log \/ ;— r 

^ ^ ^ ** ^ 1 - sin « 

- ilog (1 + sin 0) - ^log (1 - sind), 

.cos ddd . cos 9d9 
* 1 + sm * 1 - sm 

dy cosd S 1 



dof 2 cos* 6 cos d 



(11) y = log tan ( J + J • 

oy = 



sin — h - cos I — + - 1 



^d ^i-^ (l + ^) ^' (7 +i) - i«° (j + ^) ^ 



^y 



da cos d? 



, V 1 , /^ + « cos ^\ 
(12) y = — . ^ cos-* r 1 , 

V^a* - fe» \o + 6cosa?/ 



log cos «y as log (6 + cos a) — log (a + 5 cos a) Jn « v/o*— fe^j ; 

d cos ny u sin nydy — a sin adof b sin adw 

cos ny cos ny 6 + a cos ^ a+ 6 cos .2; 

dy 1 . / a * ^ 

.'. -i « — cot wy sm of ( ; I 

dof n Kb-^-acosa a + ocoso?/ 

3S cot ny sm a 



(fe + o cos^) (a + 6 cos<v) 



_ . . fe + o cos a? 

Now since cos ny = ; 

a •{■ b cos .V 



APPKNDIX. 208 

,\ cot ny « — y ^ === = : ; 

\/(a + 6 cos a?)*- (6 + acoBwy nmia 

dy 1 



dof a + 6co8€V 



(D.) 






0) y-e-, d^ = "»*«"• 

(2) »»ar", -^-i».(in-l)(...)(«i-n + l)«"— . 

(8) » = log», ^ -(-)-'. r(n-l).»-. 

(4) y - sin (» + a), — - sin ^^« + a + —J . 



(5) y - tan x. 



cPy 


Ssin^ 




d«* 


cos'^ ' 




cPy 


2 


6Av?m 


dat^" 


cos^/p 


COB^^ 




4 


6 

+ , 


. 


€08*/» 



&C. &C» 

Hence assume that in general 



^^''y A, ^ g, ^ C, 



da^*~^ cos*a cos* of cos^w 

and we find 

£p»y 2-^.8in.T 4J9,sintr 6C„Anw 
dd7«» ** cos'ar COB* a; cos'j; 
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d»»+»y 


- 


+ 


If-* 


6C. 
— if— ••# 










2 

+ - 


.SA^ sin* 

COS*CP 


w 4. 


SB^sin^m 


+ e 

COS 07 




H- 


COB* 4? 






- 




Z.sA^-^fB 

■f 1 

cos* Of 


u*' 


5B^-ffC^ 

ji •• • 

cos 4? 



Hence we have 

-^■+1 = "" 2' -^11 9 -ff.+ l * 2 . SA^ — 4* J?, y 

C,^.i = 4 . 5 J9. - ffC^ ... &c. &c. 

From these equations we may find by successive sub- 
stitution the quantities A^^ B^^ &c. 



The general expression for — - is very complicated in 



this 



(6) y « arc* ; 









>*N ^« 



(7) y ^ Jff'**€ 
dv 
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By Leibnitz^ Theorem, see Chap. XlX.y we obtain im- 
mediately, putting tt B 6*, V =a a^f 



dry 



^{^ + '^fn^-^ + ^^-^^^^^ 



(8) y m ^ma. 

We find similarly by Leibnitz^ Theorem, 



<fy . r • n n(n-l) 
— — c'isin/r + -cos a? ^^ si 



n (n - 1) (n - g) ^ . 

P^ <»sar + ... J 



(n n(n^ l)(n-2) 1 -i 
+ {r fi -Jcoa^J 



- [{(1 + \/^* + (1 - V""^)*} sin Of 



+ -7^ {(1 + %/^)" - (1 - v/^)"} oo«»] . 



v/; 



Now 1 A v^- 1 « %/« (cos - «t sin — \/- 1) ; 

4 4 



mir . «7r 



.-. (1 db v/ - !)• - 2*(cos — A sm — \/ - 1) ; 



.-. -—^ B 2'«r I sm or cos — + cos m sm — ) 
Aaf" \ 4 4 / 






Or thus more generally and simply. 
Let y •■ 6^' sin [p + a). 
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theo --^ « €^'{«iii(jp + a) + «iCOs(jr + a)J 



• 




-oo.^""^'"""^ 


V> 








if we put M — tan/3; 




in m 


suoibv manner we find. 










— — 8 sm 1^ + a 


+ 2/3); 




and .-. 


,n generrf ^^ - ^^ 


sin (jr + a -1- n/3) ; 


(9) 


y ' 


= uui-» JP, 






then 




«co6»sr. 








*9 


= - Sony cosy 3=^ « -sinaycosPy 





= co6 (2y + 



(2y + ^)crfy, 



^--2{coi^2y+|^any + sin^2y + j)cosyJc»6y-^ 
s2oos(3y+ «')oi»p3f 



Now if « e J[ 008 (ity + /3) oosf y» 
-—^-nA {oos(ity + ^) siny + sin (ity + /S) cosy} corf-*y -^ 

-MtJ[oos|(it + l)y + ^-)- |lcoaf-'y; 
firom wliidi it is dear, that if we assume 

-^ = r(« -- 1) cos j«y + (li - i).||co^y. 
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the same law will hold when n -k- I is put for n» but we 
have found this law to be true for 2 and 8, therefore it is 
true in general; and it gives us the n^^ differential coefficient 
of tan"*d;. 



(E.) 

(1) Having given «-^^, 

where dof is constant, and d^ «• da^ + df^ ; to find what u 
becomes if 8 be made the independant variable. 

w.u. -,-... (if). 

.'. €pydw a cPyda — dyd^a ,»^ (l). 
Now since dt^ s dx* + d^, and da is constant, we have 

« dwdPm + dyd^y ... (2), 

(l)* + (2)* gives, observing that d^ + dy* « d**, 

(dfydwy^ (d«yy + (d"«)*. 

Hence t« = . , 

>/(d»yy + (d'a;)* 

in which expression 8 is the independant variable. 

d^ 

where da is constant, and m ^ a cosn^, y b 6 sin n^ ; to make 

t the independant variable, 

 
dw B ^ na sin ntdtf dy «* nfr cos n^d^, 

d*» = n* (a« Bin« n^ + V cos« nQ d^, 

dy b 

.-. -r^ = cot«^, 

dof n 
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'dy\ b ndt 



\dw) a sivrnt 



u 



ab 



(F.) 

(1) y a e* tan tt + log (u + tj), 

cP« - |e*tanu + | d*« + ( — r— + ) cPw 

\ u-i-vj Vcos'tt u-^vj 

+ le'tanw-7 rj^i^' + ^i — i 7 rAdudv 

{^e^sinu 1 1 . , 
i 7 ^f ^** • 

(2) y « u"+* + ti"+' ; 

put ti + « = «f, then y = w' + «• ; 

.•. rfy « (u'logu + i>*log©)dar + xu*'^du + Jirt>*"'civ, 

and .*. since dx ^ du + dt?, 

+ {tt'+Mogt* + «*+Mog« + (w + «)«•*—*! d©. 
(S) y sin J? + ^ sin y — a;y b 0, 

• • ^ ^y 

ycosof -f sm y - y + (sm 4r + ofcosy — ^) .-r. e 

dor 

c(tf /dy\^ 

^yrinx-k- 2(cos/p + cosy — 1)— r. — «siny 1:7^) 

dfy 
+ (sin or -♦- a? cosy - w) 3— — 0, 

dor 

whence -— ^ -j^y &c. may be determined. 
dtV dw 
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(G.) 
(l) Let y « sin"^ J?; 

then ^ « —7==. =r 1 + A.r' + -—- oT 
dot v/i - j7« ^ 2.4 



AT* + &c. ; 

2.4 ... %n 



d'^^y 1 .8 ... 2n - 1 _ . 

.'. ^ 8= . Fn 4- powers of «r 

daf"+* 2.4...2n 

1 .3 ... 2n - 1 _ , 
— Tn, when ^ « 0. 

2. 4 ... 2n 

Hence the general term of the expansion of y in powers 

of .V is 

1 .3 ... 2n - 1 «r'' + ' 

2.4 ... 2w n + 1 ' 
and .-. since sin'*.v ^ mw when a? = 0, we have 

a .ir* 1 . 3 ij?'' 

1 ^3 2.45 

(2) We may often obtain developements of this kind 
more simply in the following manner. 

Assume y *= -4© + -^i*^ + -^2*''?* ••• &c., 

dy 
and .-. — = -<<i + 2^2'^ + 3-^3cr* ... &c. 

Comparing this with the above value of — we find 
immediately 

A,^h ^2 = 0, 4,«ii. A^O, A,=^\~... &c. 

Also .^0 - t^e value of y when x « 0, which is w» tt ; 
hence v = fWTr + - + ^ — 4- &c. ... as before. 
14 
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(3) y ~ sin x (l)* 

Assume y « ^o + ^\'^ + -^2'^^ (^)> 

then from (l) we have 

---^= - 8in/w=s - A - -^,»i7 - -^,.r^ (5), 

and from (2) we have 

-— = 1 .2u^2 + 2.S-^,ar + S.4^,»r* (4). 

oar 

Now Ao^y when .r = ; .•. ^o = ^ » 

and Ai = — ^ = cos w when <i? = ; .-. Ai =s I ; 
diV 

and therefore, comparing (S) and (4), we have 

1 A 1 

18 4.5 1/) 

cV w^ ,v' 
.-. sin .r = t; 77- + TT" ... &^'- 

n 13 r.o 

(4) If we differentiate the result just obtained, wo find 

COS 07 = 1 - ^ +---.. . &C. 

12 r4 

(5) If tan y = a tan <&, to expand y in powers of .r. 

(6) If sin y = a sin (y + .r), to expand y m powers of .v. 



(H.) 

(l) To expand cot .r in powers of .t. 

cot .t? = 00 when a? = ; therefore there are negative powers 
in the developement, and Taylor^s series fails. We may 
proceed as follows: 
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1 T- + rr •••• 

cot i9 = -; = M 

sm .17 t-p tV 
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... &c. 

n 1.S 



J7 



1 - —- .... &C. 

1 rs 



«r .tf* 



« 



M< 



1 — —- &c. 

assume this to be equal to 

.V 

then we have 

(^ + -B.i? + C/^^..)(l - r^---) = ^ - p^ ••• 

or -^ + !?''»?+ (^ ■" "fs' ''^* "* ~ ^ " fi '" 

.• . cot ,r s= - ( I — "- • • • &c.) . 
.r .^ 

(2) Let i/ = (^- ly*. 

Here — = ^e' («» - l)"^ = a when .r = : 
f/.r '^ 

therefore fractional powers occur in the developemeht, and 
Taylor^s series fails. We may proceed as follows: 






re 

by the binomial theorem. 



14 — ^2 



212 APFBNDIX. 



(3) y « 1 + cr log (e + v^.r). 

Here - — = oo , and v = l -»-«? + — ... &c. 



The following remark is of some importance^ as it will 
often enable us to simplify the process explained in (l45). 

Suppose that wc wish to expand y in powers of a^^ having 
given a relation between y and jc ; then \[ y ^ a when « » 0, 
we assume y e a + ua?"*, as is explained in (14>5). 

Now suppose that the result of this substitution comes, 
out in the form 

CiO?** -»- C7if.r'» H- (/j.r'i + &c. = 0, 

and suppose that we can see by inspection that one of the 
indices r^ must be greater than another r, whatever value 
m may have, (m of course is always positive) ; then we may 
immediately reject the term (/s.v'*, since it cannot be one of 
the terms containing the lowest power of .t, and therefore 
cannot affect the result, as is evident from the example in 
(145). 

(1) Let »/ - .r*y- + aar^y - a*.r* = ; 

here y «= when .v = ; 

assume .\ y ^ ua^^ ; then 

Now here 2m + 2 must be > m -» 2 whatever m l)e, and 
m + 2 must be > 2 ; hence we may immediately reject the 
terms w*^"*"*"' and aw»r**"*^-; and .•. we have simply 

which gives 4f» « 2, and .*. m ^\^ and .•. w = ± \/«, 

and .-. y = ± s/ a . .ri -i- fi. 
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Of course we must not reject these terms if we proceed 
to find the second and higher terms of the expansion. 

(2) y» - a^y^ + aa^ - a^m^ « ; 

or since 2m + 2 is >2m + 1, 

Suppose that m is > l» then 4m is > 2m + 1, and 2m + 1 
is > 3j which cannot be ; therefore m is < 1 ; .*. 3 is >2m+ 1 ; 
.'. a'lV' is to be rejected, and .•. we have 

4m a 2m + 1, and .*. m ^ j^y and .-. t^ s sk y^a ; 



(J.) 

(]) Let y ss ,r log jb ; to find the limiting value of y when 
<r approaches zero. 

.r 
We have y «■ — — = - when .r = o ; 
•^ 1 



logiP 

da 
.'. by Lemma XX., y and — 



d ' 



log« 

have the same limiting value when x approaches 0. 

da y* 
Now — — = - .r (log ay ^ ; 

d — 
log.r 

.". y and - — have the same limiting value when /v ap« 

a 

proachcs 0; 
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therefore, multiplying each of these quantities by - , <r and 

- y have the same limiting value when js approaches zero^ 
and therefore is the limiting value of y. 

Here we assume, that if any functions U and V have the 
same limiting value when .r approaches a, the same is true of 
WU and WV^ PF being any other function; which is evidently 
true, since if A be the limiting value of U and F, and B that 
of FF, then by Lemma VIII, BA and BA are the limiting 
values of WU and WV. 

(2) Let y — xe'^ \ to find the limiting value of y 
when .V approaches oo . 

u ^ — — = - when .r = x ; 
• 1 

v 

.'. y and — have the same limiting value when (v ap- 
d - 

.V 

proaches oo . 

de'* y' 
Now — = ,v*e~^ = ; 

a - 

,v 

/. y and e'" have the same limiting value when .<? aji- 
proaches oo , therefore the limiting value of ;/ is 0. 

(3) Let y « (sin/i?)**"*; to find the limiting value of y 
when X approaches 0. 

log y = tan a? log sin «j? == z log a', 

cos X 

if we put sin x ^ z\ hence, since x approaches zero when w 
does, and since the limiting value of cos a? is 1, and that of 
zlogz zero, the limiting value of logy is zero, and therefore 
that of y is unity. 



APPENDIX. 2] 5 



(K.) 



(1) To inscribe the greatest rectangle in a semi-circle. 

Let Cilf B w^ MP^ y (fig. 33), then Zxy is the area of the 
inscribed rectangle ; hence we have 

d{9,xy) — 0; and .•. d{a^f^) « 0; 

or dla^ia^-ai^)} ^0; 

.-. 2a*a? — 4a?* = 0, 

a a 

which is satisfied by a? « — -^ and a? = 0. «r = — ?= evidently 

gives a maximum. 

(2) To inscribe the greatest semi-eHipse in an isosceles 
triangle, (fig 34.) 

Let CM = A', 'MP = y, then if CE « A, CF « Ar, we have 





o» 




6» 


A- 


> 


A; = 


• 
9 




cP 




.V 


a» 


6« 






• 


+ -:l 


« 1 . 




A* 


Ar* 


V < 





(0- 

Also irab is to be a maximum; 

and .'. d (ab) s o ; 

.*. hda + adb; 

, , , ^ ocKrt 6rf6 

and by (l), -_ +_ «o; 

r/ b 



which, along with (l), gives a and b, 

(3) To find the greatest triangle that can be inscribed in 
a given circle. 

ABC (fig. 35) ib a maximum, supposing AB invariable, 
if ^C = BC, as may be easily shewn. Therefore any two 
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sides of the maximum triangle must be equal; therefore it 
must be an equilateral triangle. 

(4) To find the greatest quadrilateral figure that can be 
circumscribed about a circle. 

We may prove similarly that it must be a square. 

(5) To find the greatest triangle which has a given 
perimeter. 

(6) To find the greatest polygon that has a given peri- 
meter. 

Suppose all the sides but three invariable. 



(L.) 

(1) The normal to any curve is in general the greatest 
or least hne which can be drawn to a given point to it. 

Let Ofy be any point on the curve, wy any other point, 
and R the distance between them ; then 

H^ « (.r - xy -i (y - y')«, 

R dR = (ar - x) d.v + (y - y) dy, 

but di? = if jR be a maximum or minimum ; and therefore 

a: - ctf + (j^ - y) — - = 0, 

ax 

which shews that xy is a point of the normal at wy. 

(2) To draw a tangent to a given curve, cutting off the 
greatest or least area from the space included between the 
co-ordinate axes. 

The equation to the tangent being 

(y - y) d"^ - (^^' - •«?) dy = 0, 
the portions it cuts off the axes are 

^ ydx - xdy xdy - ydx 

^ -. ^ and a ; 

ax ay 
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and ^ or^-^-^fLZJ^ 

is to be a maximum. 

Therefore, considering dw as constant, we have 

- 2 (ydaj - .»rfy) wd^ydy - (y{ia? - xdyYd^y 
or ^p 0, 

, . , yda - ady 
which gives 2 j; « « — a ; 

%^ 

a 

2 

r 

this equation shews that the portion of the tangent intercepted 
between the co-ordinate axes is bisected at the point of contact 
when it cuts off a maximum or minimum area. 

(3) In the ellipse, if we assume «r a a cos t^ then we have 
^ « 6 sin ty in virtue of the equation 

Hence we may always suppose in the ellipse, that 

X ^ a cos ty and y « 6 sin t. 

If we describe a circle on the major-axis as diameter, and if 
we produce the ordinate MP to meet this circle in Q, then 
it is evident that / QCA « ty for 

r.^ . CM X 

cos QCA = -—— « - = cos t. 
MQ a 

This transformation is often useful. 

Differentiating, we have 

dx ^ - a sin t dty dy ss b cos t dt ; 
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.". ds =» \/a' sin'* t -^ b* cos^ / . df, 

h 
tan y 8= cot t^ 



cos y\/ 8= 



a 

1 



Vl +- cot»« 
a* 

Equation to tangent is 

X cos ^ y sin ^ 



= 1. 



a 



(4) To find the locus of the intersection of the tangent 
and a perpendicular upon it from the focus of an ellipse. 

The equation to the tangent is 

b b 

y = cot t ,w ■¥ -r 



a sin t 

The equation to the perpendicular upon this from the 
focus is 

n 
y = - tan t . (.*• — a «), 

which equations may be put in the form 

ay sin t + b.v cos / = ab^ 
by cos / — ntV sin t ^ — a'^e sin / ; 

therefore, squaring and adding these equations, 

(^ + ?/•) («* sin'^ i + b' cos^ /?) = <' (b* + aV sin* t) 

= a^ (b^ cos* / + a' sin'* ^). 
Since a^e* « a-' - 6"; 



.-. .r^ 4- y- = a-; 



hence the locus required is the circle described on the major 
axis as diameter. 
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(5) To find what relation must hold between a and /3 
in the equation 

-'+§-1... 0). 

So that it shall be the equation to a tangent to the 
ellipse 

-.4.g-l...(2). 

It is easy to shew that the equation to the tangent 
to (2) is 

Comparing this with (l) we have 

« = — , /J « — ; 

.V y 

A' a V b 
^. _ j_ _ £. ^ . 

a u^ h (i^ 

a" ¥ 

which is the relation required. 

(6) To find the curve in which the subnormal is a 
constant c. 

We have subnormal = y — = c ; 

.'. 2ydy - 2cd.r = ; 

.'. d(y^ ~ 2 ex) = 0. 

Now in general if du ^ 0, u must be a constant ; 

.-. f/^ SI 2 c Of + some constant, which is the equation to a 
parabola. 

(7) To find the curve in which the subtangent is twice 
the abscissa. 
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dx 
We have « -r-" "= 2^?; 

dy 

dx dy 
X y 

.'. d (log J7 — 2 log y) as ; 

.-. log.v — 2 log y = constant » log C suppose ; 

.'. ~ a C, which is the equation to a parabola. 

(8) In the ellipse, if n be the normal and p the per- 
pendicular from the center on the tangent. 



For p = 



pn = 6*. 
ydx — ^tfdy d« 



ds -' ""^ 


• 

dx^ 


• p^ = y' ^^y .^ 




., b^x" , dy Vx 

« jr + , , since ^ - 

a* dx ay 



= A«. 



(M.) 

(I) Let the equation to the curve he 

ff^y = J?' - 6ax^ + 12 aV", 

then o^ --^ = 12 (a?* - Sax + 2o*^) = 12 (a? - a) (.r - 2a) ; 

.• the sign of — - is + when .r is < a, 

- when .V is > a and < 2rt, 
and + when x is >2flr. 
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Hence the concavity of tlic curve is turned upwards when 
« IS <a, downwards when of is between a and Sa, and up- 
wards when w is >2a. And there are two points of con- 
trary flexure, one when x *» a» and another when sb ^ %a, 

(2) Let the equation to the curve be 



o 



y « 



then 



Or - aY ' 

d'y 2a*(^ + 2ff) 
d^ (a? - ay 



Here there is a change of flexure when .r passes through 
the value — 2 a, but none when .r passes through the value a. 



(N.) 

(1) To find p in the ellipse. 

We have x ^ acost^ y « frsin^ {page 217 (S),| 

" "^ divd^y - dyd^w 

(fl' sin« ^ 4- 6» cos^ 0* 
~ a 6 sin" t •*- ab cos* / 

{i) If n be the normal, 

d8 

ndx a ,^ 

.-. ds » = - 7 ^»^ ^ 

y * 

la*. n' 



= ";76-6^'*'"" 



(t:)- 
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The negative sign indicates that the concavity of the 

curve is turned downwards, in wluch case --p- is negative. 

as 

(3) To find p in the parabola. 
Let us use the equation 



.7^ 



4tm 



then rfv - — dof; 
•^ 2m 



... d«^ « f 1 + ^] da^ = f 1 + ^) d.T\ 
\ 4mV \ ml 

and d^y = — {dx being constant) ; 
9.fn 



ds^ ( M\^ 



= 2tw 



(-£)'• 



(O.) 

(1) To find the evoluto of the ellipse. 
Wo hnvc « == .r - p sin \//, 

^ = ?/ + (} cos \//, 
ds'dy 



or ft =•-- .r — 



dvd^y - dyd'.v 

ds'd.v 
(^ " ^' ^ d,T<Py -dyd^r' 

Hence in the ellipse, 

{rr sin^ / + h^ cos^ t) b cos / 



ft 



« //. cos / 



nh 



= - (/7'~* — a^ sin^ ^ — ft'^ cos* /) cos / 
n 

= cos^ t, 

a 
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6* - o* 

Similarly /3 = — sin* t. 

h 

Heoce, since sin* t + cos* ^ - 1 , we have 



(^r^ (§)*-. 



when rt, = -A-Uy an<i *• - n «? 

which is the equation to the evolute of an ellipse. It is 
represented by UVWY^ (fig. S6). 

(2) To find the evolute to the parabola. 

We have v = 

^ 4m' 

and supposing dx constant, 

ds^dy 






a ^ iv — 



d^ydiV * 






also d«« = (^ + -) ^^' 



dy = — o.v, cTv = 

2w ' ^ 2m 



. a«a?-2m(l+^ — = ^« !_ 

V m/ 2m m 4m*' 

/3 = y + 2m (l + i^ ) = Sf/ + 2m; 

. .V = - (4»»»a)*, y - P-^^ . 

/3~2m _ (4m* a)* 
/J "" 4m * 
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fW< 



or /3 « 2»i + -J a^, 

which is the equation to the evoliite of a parabola 
It is represented by UWV (fig. 37). 



(P.) 

(l) Let the equation to the curve be 

then dr = ma€^^ dOy 

, rdO 
tan yf/ = —-— = wi. 
dr 

Hence in this curve, which is called the logarithmic spiral, 
the tangent always makes the same angle with the radius 
vector. 

d«« « »•« d^ + dr* « aV«^ (i + w*) d0' ; 
-•. d«- av/l +m'*.c"'®d6^= 0, 



d Ov - // — ~ - iP'» ^) = ; 

W7 



.". n - a e"'^ « some constant, C suppose : 



if « = when 9-0, then 

0-rt 1 -- = C; 

w 

.'. 5 /,. _ ff\ 

w/ 

(2) The polar equation to an ellipse may be put in 
the form 

cos*0 s\n^O 1 
a. b' v 
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1 dr 






Now (1) gives UB 

therefore squaring each side of (2) and substituting these 
values, we have 

or r^ - (a* + fc*) r« + -— — - 0, 

sm'^ 

which equation gives us r, the length of the diameter which 
makes an angle <f> with the tangent at its extremity. 

Hence, since conjugate diameters are parallel to tangents 
at their extremities, the two values of r got from this equation 
are the lengths {ab' suppose) of the two conjugate diameters 
which make an angle <p with each other. We have therefore 

a'\ 6'*« . , , , or ab' sin d> « a6, 
sm'^ ^ 

two well known properties of the ellipse. 

(S) In the spiral r^ae^^y 

f»dd r^dO 



v"- 


da 


v/l+m* 


.rd9" 


■'• p 




r 


(1); 


"y/ 


• ••• 


• 


^/n w 


dr 


^ m 



■_ » 



y/l + fii* 



15 
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rdr / 1 

.-. p « — — « VI + nr.r. 

'^ dp 

If O be the extremity of p^ and SO^tiy then 






m^T* i 



2rp cos SPO 
2pp 



.*. ri -■ mr. 
Also if pi be the perpendicular from S on PO, we have 



jPi* + l^ = ^; •'• P 



m 



v/l + m* 



r; 



•. Pi = 



V^ 



+ ny 



Now ri and pi are evidently the radius vector of the 
evolute and perpendicular upon its tangent; hence, com- 
paring this relation between pi and Ti with (l), it follows 
that the evolute to a logarithmic spiral is a similar spiral. 

In general we may find the equation between p^ and r^ 
by eliminating p, p^ and r, between the equations 

P - fir) \ 

rdr r 

r^ es r' -f p* - 2pp 

p ^ f{r) being the equation to the given curve between 
p and r. In this manner we may obtain the equation to 
the evolute of a spiral. 
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(S.) 

(1) Let the given equation be 

oV « — ^^ £ ^; 



.\ ay ^ ^ w {ps ^ a) \/ 



.V + 26 
^w + 6 * 



then we have the following table. 



/c 


y 


dw 




:k 




-2b 





00 


-6 


iroposs. 

00 

=k 


00 







lli 



4» 


i\/2 


a 


^ a + 6 


90 


00 


00 



Hence the curve is represented by fig. 38., 
AB a a, ^C » 6, AD » 26. 

(2) Let the given equation be 



y 



a {x - ay 



See fig. SO,y AB s a<, AC ^ a. 
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rfy 



(8). 



(U.) 

(1) To determine the position and nature of the mul- 
tiple points of the curve, 

C « y* + 07* - 2aV - 2aV + a* « ••• (l), 

f7= 4y» - 4a*y « oi 

which equations are satisfied by any two of the values 

^ ss or J* a, and y « or ^a. 
Now if ,r a= 0, y ■> sb a in virtue of (1), 

and if ^ 8 ^ a, y « or ± \/i . a. 

Hence the only values of w and y which satisfy (l) and 
(2) are 

|(«). H/3). }(7)> [(«)• 

Now d,«C7« 1201^ - 4a», 

d,dy (7 = 0, 

Hence, using the notation in (l6l), we have 
A ^ 0, JS » 0, 

C = - 4a* if <v at 0, or 8a' if 07 K ill a, 
2) « 0, 

i; - - 4aMf y = 0, or 8a« if o^ « i a. 
Hence for the values (a) and (/3), we have 



— 4a* + 8a*Wo" e 0, and .*. u^ or 



^^^ v/s' 
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and for the values (7) and (j), we have 

iff/ 
8a* - 4a'tio  ^f and /. ti© or —?-■-* \/i. 

Hence if we take AB^AE^^JC - AD^a (fig. 40), there 
is a double point at B^ at C> at 2), and at E^ as is repre- 
sented in the figure. 

This is an example which may be very easily solved by 
the method in (156). 

For in this case 

••''""(Sy«.a«)p- 
.*. if or B Oy and y b Ji a, 

and if ^ « ill a» and y «■ 0, 
p*- 2. 

In general the method given in (159) ought to be used, 

dy 
only when we wish to find -j^ for the values ^ b 0, y » 0, 

dw 

or when more than two differentiations are necessary to find 

dy 

— J in which cases it is simpler than the common method. 

(2) Let C7- ay'-fcor^y + af*« ... (1), 

then dgU *» - 2hay + 4^ « ... (2), 

dyU m Say* -- baF ^0 (S). 

2/r* 
(2) gives or « or y « -— , 

o 

if cV B y » in virtue of (3) and these values satisfy (1), 
i( y » -r- (S) becomes 
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12a 



07* - ba^ = 0, 



which crives a?  and /. y « -r— : 

^ 12a ^ 6a 

these values do not satisfy (l), and are therefore to be re- 
jected. We have therefore to consider only the values a ^Oy 

Hence putting y^uw in (l), we have 

aw' — 6w 4- a' — 0, 
and .-. auQ — ftu^ « 0; 

.-. T^ = or ± V -, 
ax a 

which indicates a triple point at the origin. 
(S) To examine the nature of the curve 

in the immediate vicinity of the origin. 

Assume y ^ ua^^ then 

Mar*- + a V - 6«w«a?*"+» = 0. 

Suppose 5m « 4; .*. m a ^l^ and .*. 2m + 1<4; which 
will not answer. 

Suppose 5i»= 2m + l; .*. m » |. , and .'. 4>2m + I; 
which will answer, and gives 

w* - Vu^ — 0, and .-. u « 6t. 

Suppose 4 = 2f» + l; .*. w-f, and .-. 5m > 4; which 
will answer, and gives 

a - 6"m* e 0, and .-. ?^ « ± ^- — . 

Hence we have 

y s 6^cri + Ry 
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and y '^^ ^ ar* + J?'. 



The former of these represents the portion PAP^ of th^ 
curve (fig. 4i)» and the latter the portion QJQ'. 

We rejected the value 5iii « 4, because it would give 
u^ CO when or « ; this value belongs to the infinite branches 
of the curve; for putting 5f7t a 4, and .*. m^jl^y and as- 
suming /»-«-, we have 

* XT 



or 



tt* 4- a - Vti^«J « 0, 



which gives the limiting value of ti « — ai when x ap- 
proaches 0; 

.-. y - - a* - + 2? 

MX — as«» + Ry 
where J? « 0, when or a oo ; 
.•. y -I — aW very nearly for large values of w ; 

.-. --^ « when 07 a 00 > as is represented in the figure. 
da 



OjBHsn's CaJUultu. 






3Z 



W 




O^ritTL 



k 



\ 



c 






/ 



4{ 



'^ 



/ 



I 

I 

I 



-"mm 



0*Brt4ftif CaZck 



X 



y 




4$ 




O'Brien's C 



64 



6i 



0*Briett*d CbUcuIu4. 





*h 


X 


y 


dx 








« 




+ 


+ m. 



/ 







O) 



impcss 


+ 







T 



OBHsft's CalChCUu. 






19 






This book is a preservation (rtiococopy. 

It is made in compliance with copyright law 

and produced on acid-free archival 

60# book weight paper 

which meets the requirements of 

ANSI/NISO Z39.4S-I992 (penoanence of paper) 

Preservation photocopying and binding 

by 

Acme Bookbindii^ 

Oiariestown, Massachusetts 




2001 




3 2044 056 187 305 




